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PLANE TRIGONOMETRY 



PREFACE. 



This book originated in a desire to give te my 
private pupils a better idea of the trigonometric 
functions of obtuse angles than they could obtain 
from any book with which I was acquainted. 

I believe that a student can get a comprehensive 
and thorough knowledge of trigonometry most 
quickly and easily, if, at the outset, such definitions 
are given to the trigonometric functions as will 
apply to all angles : with this idea for a basis, I have 
endeavored to prepare an elementary text-book for 
general use. By beginning with an explanation of 
the use of the negative sign as applied to lines and 
angles, and then giving general definitions to the 
trigonometric functions, I have been able to demon- 
strate all the fundamental formulas in a perfectly 
general yet simple manner. 

While I have tried to present the subject from an 
elementary point of view, I have not lost slight of the 
fact, that, to most students, trigonometry is merely a 
stepping-stone to something higher ; and for this 
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IV PREFACE. 

reason I have also tried to present the results in 

such a light as will make them effective tools for the 

student in his future work. 

During the preparation and printing of the book, 

Prof. J. M. Peirce has kindly given me the benefit 

of numerous suggestions and criticisms, which have 
added greatly to its value. Appendix I. is entirely 
due to him. 

Most of the examples contained in the book have 

been selected from other trigonometries, especially 

those of Todhunter, Snowball, and Hamblin Smith. 

H. N. w. 

Gambridoe, Mass., Dec. 3, 1876. 
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PREFACE TO THE REVISED EDITION. 



In this edition all the typographical errors thus 
far detected have been corrected ; a few changes and 
additions have been made iij the examples of right 
triangles ; and answers to most of the examples liave 
been inserted at the end of Appendix II. 

A treatise on Spherical Trigonometry has been 

prepared by the same author, and now constitutes 

the second part of this volume. 

H. N. W. 

Cambbidqe, Mass., Sept. !(>, 1879. 
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PLANE TRIGONOMETRY. 



CHAPTER I. 

DEFINITIONS AND FIRST PRINCIPLES. 

§ 1. Trigonometry, as the name itself indicates, was 
originall}' simply a method of measuring triangles by 
numerical computation from an}' sufficient data. This 
method involves the use of certain functions of the angles, 
which we call the trigonometric functions. Modern trigo- 
nometry embraces primaril}' the complete theory of these 
functions in their most general relations ; while the meas- 
urement of triangles, or trigonometry' pro[)er, is reduced 
to a mere branch, or application, of the theory. 

That part of trigonometry which is occupied with the 
investigation of the general properties of the trigonomet- 
ric functions is called by some writers Angular Analysis^ 
or Ooniometry; but it is to be observed that these proper- 
ties, as well as the very conception of the trigonometric 
functions themselves, are derived from the doctrine of 
similar triangles, and thfe whole subject (at least in its 
elements) may be regarded as a development of that 
doctrine. 

We must begin our exposition of trigonometry by 
treating of certain principles adopted in the measurement 
of lines and angles, the two kinds of geometric quantity 
which will enter into our formulas. 



2 PLANE TRIGONOMETRY. 

§ 2. Measurement of lines, — A line may be regarded 

as traced by the movement of a ix>int. Thus we may 

PiQ ^ regai-d the straight line ad 

f^ B c D (^^g- 1) as having been 

traced by the movement of 
a point from a, the beginning of the line, to d, the end 
of the line. 

Straight lines may be added by placing the beginning 
of the second upon the end of the first (so as to form a 
continuous straight line) , the beginning of the third npon 
the end of the second, and so on. The straight line con- 
tained between the beginning of the first and the end of 
the last is a line equal to the sum of the lines to be 
added. Thus (Fig. 1) ad ::= ab -f- bc -f- cd. 

§ 3. a. There are man}' problems^ involving straight 
lines, in which it is neither necessary nor profitable to 
take into consideration any thing except the lengths of 
these lines. There are, on the other hand, many cases 
where it will be useful to take into account direction as 
well as length. 

b. If we define any arbitrary direction to be positive, 
then the opposite direction will be negative. For, if ab is 
any line, — ab can onl}' be that line which added to ab, 
by the method of § 2, produces ; and that is the same 
line as ab taken in the opposite direction. 

The length of a straight line has no algebraic sign : it 
is always the same, whatever be the position or direction 
of the line. 

c. The sign -j- or — prefixed to a number or letter 
denoting a line has reference merel^^to direction. Thus, 
if a is positive, the line -j- a is a line whose direction is 
positive, and whose .length is a units ; and the line — a 
is a line whose direction is negative, and whose length is, 
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as before, a units. But, if a is negative, -f- ^ is a line 
whose direction is negative, and — a is a line of the 
same length, whose direction is positive. The terms 
*^ positive*' and " negative " are used merely to enable 
us to distinguish between two opposite directions ; and 
we can in any figure assume any directions (not opposite) 
to be positive, but, having once assumed certain direc- 
tions to be positive, the opjjosite directions must be nega- 
tive, (v., however, § 20, d.) 

d. It is possible to represent a straight line completely 
by an expression involving the points at its extremities. 
Thus AC (Fig. 2) is an 

expression for the straight /^ — C 

line which joins the points 

A and c, whose length is the distance between the points, 
and whose direction is the direction from a, the i)oint 
indicated b}' the first letter, to c, the point indicated by 
the second letter. — ac denotes a line having the same 
length as the above, but an opposite direction, but this lat- 
ter line is the line ca. .•. ca ::= — ac, or ac -f- ca = 0. 
The truth of this equation is evident if, as in § 2, we 
regard a line as traced by the movement of a point. 
For if a point moves from a to c, and then from c back 
to A, it is evident that its final distance from the starting- 
point will be nothing. 

Similarly in each of the figures 3, 4, and 5, we have, — 

FIG. 3. 
B 



AB -f- BC -f- CA = A 

FIG. 4. 
BC -f- CA -j- AB = A 



B- 



CB 4- BA 4- AC = P"Q- S- 

^ ^ ^ A 



B 



This principle may be extended to any num])er of points 
in the same straight line. 



^. 



4 PLANE TRIGONOMETRY. 

§ 4. Measurement of angles. — A right angle is divided 
into 90 equal parts called degrees ; a degree is subdivided 
into 60 minutes ; and a minute, into 60 seconds. The 
degree, minute, and second are distinguished by the 
characters *° ' " respectively. A degree of arc is ^^^ of 
the circumference of the circle to which the arc belongs. 
It evidently has different lengths for different circles. 
The degree of arc is subdivided in the same manner as 
the degree of angle. \ the circumference, or the arc 
intercepted by the sides of a right angle whose vertex 
is at the centre, is an arc of 90°, and is called a gt^od- 
rant. The same term is applied to the sector bounded 
by two radii at right angles to each other. The four 
divisions of a plane separated by two lines perpendicular 
to each other are also occasionally called quadrants. 

Central angles contain the same number of degrees as 
their intercepted arcs. 

§ 5. The complement of an angle or arc is the re- 
mainder obtained by subtracting the angle or arc from 
90°. ^ 

The supplement of an angle or arc is the remainder 
obtained by subtracting the angle or arc from 180°. 

Thus the complement of 25° is 65° ; the supplement of 
25° is 155°. 

Two angles or arcs are therefore complements of each 
other when their sum is 90° ; and they are supplements 
of each other when their sum is 180°. 

According to these definitions, the complement of an 
angle or arc that exceeds 90° is negative. Thus the 
complement of 100° is 90° — 100° = — 10°. In like 
manner the supplement of 200° is 180"* — 200° = — 20°. 



\ 




DEFINITIONS AND FIEST PBINCIPLES. 6 

§ 6. Circular measure of an angle. 

As has been indicated above, an angle may be measured 
in d^rees and subdivisions of a degree. There is, how- 
ever, another method of measurement in use, called the 
Circular Method^ by which an angle is measured by the 
ratio of its arc in the circle described from its vertex asT 
a centre to the radius of that circle. To show that this 
method is legitimate, it must be proved that any two 
angles are proportioned to the ratios by which we propose 
to measure them. 

Now, in the same circle, or equal circles, angles at 
the centre are proportional to their intercepted arcs. 
Therefore (Fig. 6) , — 



d\ff=s :«' (I.) 

.-. e:ff=jr : -f (11.) 

But, since similar arcs are pro- 
portional to their radii, we have 

- = — ; that is, the ratio of inter- 

cepted arc to radius is the same 
for the same angle, whatever the 
value of the radius. Substitut- 
ing this value of | in equation 

n. above, we get d : 6' = ^ : —. 
' ^ ri r 



FIG. 6. 




q.E.D. 



§ 7. Corollary. Any quantity can be put equal to 



s 



its measure. We can therefore put ^ :=^. Now when 



s 



the radius (r) is unity, we have ^ = -j- = s; therefore the 
circular measure of an angle is equal to the length of the 
intercepted arc in a circle whose radius is unity. 
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§ 8. Angular unit of circular measure. 

A 

As in § 7 we can put ^ = -p. Making « = r we shall 
have ^ = "P" = 1. Therefore the angular unit of circular 
measure is thai angle whose intercepted arc is equal to the 
radius. 

§ 9. To change from circular measure to degree mea^- 
ure^ and the converse. 

We will first find how many degrees there are in the 
angular unit of circular measure ; i.e., we will reduce d to 
degrees when s = r. The ratio of circumference to diam- 
eter is constant for all circles, and is approximately equal 
to 3.1415927, which is represented by the Greek letter n 
(v. Plane Geometry) . Therefore letting C, D, and R, rep- 
resent circumference, diameter, and radius respectively, we 

have ^ = ;r ; .•. C = ;r D ; but D = 2 R ; .•. C = arc 

360° = 2 AT R. In the same circle, or equal circles, 
central angles are proportional to their intercepted arcs : — 

angle 6 _ arc S S o__i3\_^__L 

' 'angle 360°~arcC~2?rR~" ^^ ^° ~ ^2nR~27t 

360° 180° 180° 

.'. angular unit := — — = := 'r-———:z:zz 

^ 27t 7Z 3.1415927 

= 57°.2957795. 
Conversely, the units of degree-measure have the follow- 
ing values in circular measure ; and these values are also 
the lengths of the corresponding arcs of the unit cir- 
cle: — 

circ. meas. 1°= — = 0.01745329, 

180 

1° 
circ. meas. 1' = — = 0.00029089, 

60 

1' 
circ. meas. 1"= — =0.00000485. 

60 
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To convert an angle from one system to the other, we 
have only to multiply the given measure of the angle by 
the value of its unit in the new system. For example, 
if X is the circular measure of an angle, its value in de- 
grees is 

XX 57.296 ; 

and the circular measure of x° is 

xX 0.01745... ; 

.,^ * 1 o.^o arc 360° 2 ;r R 

§ 10. Angle 360° = = — — = 2 jnr, 

R R 

Angle 180° = n, 

Angle 90° = ^n, 

Angle 45°= i?r. 

The expressions 2 n, n^ \n^ and ^n are often used to 
denote the angles which the}' measure. 

§ 11. GenercU Angular MagniUide. " A clear notion 
of the magnitude of an angle will be obtained by sup- 
posing that one of its sides as ob 
(Fig. 7) was at first coincident ^'®- ^• 

with the other side oa, and that it b 

has revolved about the point o 
(turning upon o as the leg of a 
pair of dividers turns upon its 
hinge) until it has arrived at the 

position' OB." — Chauvenefs Oe- ^ 

ometry. 

We can, then, regard an angle as the measure of the 
amount of the rotation of a line which turns in a plane 
about one of its own points. The angle aob (Fig. 7), 
for example, shows how much the line ob has rotated 
from its original direction oa about o as a centre. 
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§ 12. Since there is no limit to the rotation of a line 
about one of its points, there is no limit to angular mag- 
nitude. 

Let xx' and yy' (Fig. 8) be 
perpendicular to each other at 
the point o. Let ox be the 
original position of ob. When 
OB has moved to the position 
OT, it makes with ox an angle 
of 90° ; when to the position 
ox', an angle of 180° ; when to 
the position ot^, an angle of 
270° ; when to ox again, an an- 
gle of 360° ; if it continues to move to oy, an angle 
of 360° + 90°, or 450° ; and, as long as ob continues 
to move, the angle xob continues to increase, ox, the 
original position of the line ob, is called the initial line 
with respect to the angle xob, while ob is called the ter- 
mined line with respect to this angle. 




§ 13. When we represent an angle by three letters, we 
shall alwa^^s denote the vertex by the middle letter, a 
point through which the initial line passes by the first 
letter, and a point through which the terminal line passes 
by the third letter. 
Prof. Peirce has made use of the following angular 

notation : Let a and jS (Fig. 9) de- 
note two lines. The angle which 
(i makes with a, or the angle 
p y^ alpha-beta^ as it is called, is de- 

noted by the expression f^, the 

lower letter denoting the initial 
line, and the upper letter the ter- 



FIG. 9. 
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mlnal line. Such symbols must be carefully distinguished 
from fractions. This notation may be used even in the 
case of lines which do not intersect. 



§ 14. Rotation as considered in § 12 (i.e., opposite 
that of the hands of a clock) is called positive rotation. 
Rotation in the contrary direction is therefore negative 
rotation. An angle is positive or negative according as 
it is conceived to be generated by positive or negative 

rotation. Thus, we may take box= — xob, ? = — ". 
§ 15. Let aa' and bV (Figs. 10-13) be two straight 

FIG. 10. 




h'i 
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lines perpendicular to each other at o, the centre of the 
circle of which oa is the radius. The arcs ab', b'a', a'b", 
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and b"a, or the sectors aob', b'oa', a'ob", and b"oa, are 
quadrants (v. § 4). In accordance with what has been 
said about positive rotation (v, § 14) , we will call the 
sector aob' (or the arc ab') the first quadrant, b'oa' 
the second quadrant, a'ob" the third quadrant, and b"oa 
the fourth quadrant. Therefore the angle marked gp in the 
figures 10, 11, 12, and 13, is an angle of (i.e. terminat- 
ing in) the 1st, 2d, 3d, and 4th quadrants, respectively. 

§ 16. Angles in the same plane may be added b}'^ first 
placing their vertices at the same point, and then placing 
the initial line of the second upon the terminal line of the 
first, the initial line of the third upon the terminal line of 
the second, and so on. The angle made by the terminal 
line of the last with the initial line of the first is an angle 
equal to the sum of the angles to be added. Thus (Fig. 
8) xop = xoB -[- BOY + YOP. On the same principle, if 
a, ^, J', 5, &c., are any lines in one plane, whether inter- 
secting at one point or not, we have : — 

a ' p ' 7 a 

§ 17. The *angle aob (Figs. 12, 13) may have been 
formed either by the positive or negative rotation of ob ; 
we can therefore either consider it to be a positive angle 
having a number of degrees equal to 180° -j- a'ob, or a 
negative angle having a number of degrees equal to 
180° — a'ob. These are, in fact, only two values, which 
differ by 360° {v, § 18). The angle aob'^ also (Figs. 
10-13) can be considered equal to + 270° (180°+a'ob") , 
or equal to — 90° [—(180°— a'ob^')]- 

In Fig. 10, where oc is supposed to be perpendicular 
to OB, we have the angle aoc = qp — 90°. This equa- 
tion indicates that if the rotating line rotates m the 
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positive direction by an amount equal to cp (i.e., to ob), 
and then in the negative direction by an amount equal to 
90°, it will finally take the position oc, and will make 
with the initial line (oa) the angle aoc, which will be 
positive or negative, according as cp is greater or less 
than 90°. 

§ la If to the angle cp (Figs. 10-13), we add 360^ 
once, twice, or any integral number of times, the resulting 
angle will still be bounded by the lines oa and ob. If 
from the angle cp we subtract 360° once, twice, or any 
integral number of times, the resulting angle will still be 
bounded by the lines oa and ob. 

The expression aob, then, may represent any one of a 
series of angles ; one angle of this series is the angle g), 
and all the other angles of the series differ from it by 
some multiple of 360°. Thus aob =z(p-\-k 360°, where 
k stands for 0, or an^' integer positive or negative. This 
principle is often important in the addition of angles. 

§ 19. Bearing in mind what has been said about the 
addition of angles (§ 16), and also the contents of the 
preceding section, we see at once the truth and signifi- 

FIG. 14. FIG. 15 





cance of the following equations obtained from figures 14 
and 15. 
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AOD + DOA = k 360°, 
AOD + DOC + COB + BOA := A; 360°, 
AOB + BOD + DOC + COA = A; 360°, 
AOC + COB + BOD + DOA = A; 360°. 

where A;, as in § 18, denotes any integer, positive, nega* 
tive, or null. 

In like manner, if a, (i, 7, ^, are an}' lines in one plane, — 

^ + j;+«+«=A:360° 
a * p * y * 

§ 20. Before proceeding further we must lay down rules 
concerning the directions of certain lines which we shall 
have to treat of in their relations to angles. 

a. When speaking of an angle, we shall always regard 
the vertex as a point of reference or origin with respect 
to this angle ; and we will define the directions of the 
initial and terminal lines (§12) to be alwaj'^s positive, 
when considered relatively to the angle. Thus, when we 
speak of the angle between two lines, we always mean 
the angle between their positive directions. 
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In each of the figures 16, 17, 18, and 19, for example, 
o, the vertex of the angle gp, will be an origin, and the 
directions of the initial and terminal lines ox and ob will 
be positive. 







FIG 


. 18. 






Y 






%' 




M 




1 




P 


/ 


/ 


« 

-' 




r ^ 


/ 


V 


X 

/ 

> 


/ 




L 


■ A 


I 


M' 




./ •• 






h. Through o, making with the initial line ox an 
angle of -|- 90°, draw oy. The lines xx' and yy' are 
called axes. We define ox and oy as the positive direc- 
tions of the axes ; ox' and oy' are therefore their negative 
directions. These are also the positive and negative direc- 
tions of all lines parallel to the axes, when considered rel- 
ativel}^ to them. Thus pm and p'n are positive, while pm' 
and p'n' are negative ; and lm and l'm' are positive, while 
LN and l'n' are negative. Relatively to the angle xob, 
OB is positive, and ob' negative ; but relatively to the 
angle xob', ob is negative, and ob' positive. 

c. Whenever in the same problem we have to treat of 
two or more angles whose vertices and initial lines do not 
coincide, we can either refer all the angles to the same 
origin and to the same initial line, or we can regard each 
vertex as an origin, and each initial and terminal line 
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FIG. 20. 




as positive, with respect to the angle to which it belongs. 
If the hitter method is adopted, care must be taken not 
to confound a direction which is positive with respect to 
one angle witli a direction which is positive with respect 
to a different angle ; for these directions may be, when 
compared with one another, directly opposite. 

d. When we have g) = 180°, or g) = 270°, the terminal 
line (ob) will have the negative direction of the axis: 
we shall, however, still consider ob to be positive, when 
regarded as the terminal line of gp. Suppose, for example, 

we have the right triangle 
Boc (Fig. 20). The base 
oc is negative ; and the 
h^-pothenuse ob and per- 
pendicular CB are posi- 
tive. Now, suppose g) to 

^ increase until ob coincides 

with oc. We shall now 
regard our right triangle 
to be one whose perpen- 
dicular is zero, whose base 
^ oc is negative, and whose 

h^'pothenuse ob is, as before, positive. 

§ 21. The following principles of Plane Geometry must 
be borne in mind : — 

a. The sum of the angles of a plane triangle is equal 
to 180°. 

h. The sum of the two acute angles of a plane right 
triangle is equal to 90°. Either of these angles is then 
the complement (§ 5) of the other. 

c. When two plane right triangles have an acute angle 
and a side of the one equal to an acute angle and the 
homologous side of the other, the triangles are equal, and 
all of their homologous parts are equal. 
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FIG. 21. 



d. When two plane right triangles have an acute angle 
of the one equal to an acute angle of the other, the tri- 
angles are similar, and their homologous sides are there- 
fore proportional. 

e. The square on the hypothenuse of a right triangle 
is equal to the sum of the squares on the other two sides. 

/. In any triangle the greater side is opposite the 
greater angle, and the converse. 

g. The sum of two sides of a triangle is greater than 
the third side. 

h. Two angles are equal when their sides are re- 
spectively perpendicular ; but we must be careful to take 
the sides of the respective angles in the same order, and 
to measure the angles in the same direction, {v. § 14.) 
In Fig. 21, for example, 
the angle B'AC=angle xoa, 
for both angles are meas- 
ured in the positive (§14) 
direction, and b'ac is 
formed by ab', which is 
perpendicular to ox, and 
AC, which is perpendicular 
to OA. Similarly, angle 
BAc' = XOA, and angle x'ab' = abo. 

L The chord of an arc of 60° is equal to the radius. 

EXAMPLES. 

1 . To what quadrant does each of the following angles 
belong? 289°, 368°, 610°, 640°, 1178°, — 80°, — <188°, 

— 1722°. 

2. Represent by figures the following angles, where in 
^ch case gp = 60°, and ^ = 30° ; g. — 360°, g) — 90°, qp 

- ^ + 180°, (p — 270°, g) + ^ + 60°. 




» 
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3. Change to circular measure each of the following 
angles: 88° 2', 271° 53', — 18° 7', 60°, 390°. 

4. The circular measures of certain angles are as fol- 

lows: 2., 16.2, 6., ; find in each case the corre- 

sponding number of degrees. 

5. Find the lengths of the following arcs in a circle 
whose radius is unity : 60°, 30°, 150°, 330°, 18°, 268°, 135°. 

6. Find the lengths of the above arcs in a circle whose 
radius is 6. 

7. Taking the earth's equatorial radius to be 3963 
miles, find the length of an arc of 1° on the equator. 



CHAPTER II. 

THE TRIGONOMETRIC FUNCTIONS. 

§ 22. A right triangle can always be formed by letting 
fall a perpendicular from any point in the terminal line of 
a given angle upon the initial line, produced if necessary. 
This ti'iangle we will call a triangle of reference for the 
angle; and, in applying the rules of § 20 to determine 
the signs of its sides, we shall always regard the hypoth- 
enuse and base as measured from the vertex of the given 
angle, and the perpendicular as measured from the initial 
line. 

In each of the figures 22, 23, 24, and 25, for example, 
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FIG. 85 
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where (p (xop) is, in each case, the given angle, we can 
form the right triangle ocb, as stated above. In order 
to form this triangle in figures 23 and 24, we must pro- 
duce the line ox in the direction ox'. 

In the above figures, the letters a?, y, and r represent 
the base (oc), the perpendicular (cb), and the hypothe- 
nuse (ob) respectively, both in direction and length. 
Therefore x is positive in figures 22 and 25, and negative 
in figures 23 and 24 ; y is positive in figures 22 and 23, 
and negative in figures 24 and 25 ; r is positive in each 
figure. But r might be made negative in each figure. 
Tims, in Fig. 22, we may take a? = oo", 2^=:c'V, r= 
ob", making a?, y, and r all negative. 

§ 23. The Trigonometric Functions of an angle are 
the six ratios between the three sides of a triangle formed 
as above, taking into account the signs as well as thts- 
lengths of these sides. 

These ratios are always the same for the same angle, 



THE TRIGONOMET-RIC FUNCTIONS. 19 

both in numerical value and in sign ; for if, as in figure 
22, we let fall perpendiculars from different points of 
the terminal line, as b, b', and b", we have the right 
triangles ocb, oc'b', and oc"b", which evidently have 
their acute angles at o equal. These triangles are there- 
fore (v. § 21, d) similar, and their homologous sides are 
proportional ; i.e., the six ratios of the sides of ocb are, 
in numerical value, respectively equal to the six ratios of 
the sides of oc'b', or oc'V. They are equal in sign as 
well ; for, in comparing any two of the triangles, the sides 
of the first either have the same directions, and therefore 
the same signs, as the corresponding sides of the second, 
as in OCB and oc'b' ; or, as in ocb and 'oc^b", each side 
of the second has a direction, and therefore a sign, op- 
posite to that of the corresponding side of the first ; and 
in each case the signs of the ratios are obviously the 
same. 

These ratios are, in general, different for different 
imgles ; for two right triangles, not having an acute angle 
of the one equal to an acute angle of the other, are not 
stmilar^ and their homologous sides are not proportional. 

Thus we see that the values of the trigonometric ratios 
of an angle depend^ and depend only^ upon the value of 
the angle ; for this reason they are called the trigonometric 
functions* of the angle. 

As soon as we have given names to these ratios, we 
shall be able to introduce into the same formula two 
entirely different kinds of quantities, — angles and straight 
lines. We shall then have made a very important step 
in the treatment of our subject. 

♦ When one quantity depends upon another for its value, so that 
a change in the second necessitates a change in the first, the first is 
caJled 9k function of the second. 
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§ 24. To each ol the six ratios mentioned above, a 
name has been given as. follows : In each of the figures 
22, 23, 24, and 25, — 
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§ 25. Bearing in -mind what has been said about the 
signs of aj, y^ and r, in § 22, we easily deduce the follow- 
ing table for the signs of the functions of angles in each 
quadrant : — 
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Since the hypothenuse of a right triangle is the great- 
est of the three sides, the first two of our six ratios 
never exceed 1 in numerical value, and the last two never 
fall belcw 1 in numerical value. Hehce the sine and 
cosine vai^ only from — 1 ^o -|- 1 ; the secant and cosecant 
vary only from + 1 to -^ <x> and from — \ to — oo ; while 
the tangent and cotangent may have any value from — oo 
to -\-co . 



% 26. By § 24 we have, — 



y 

sm (r= - , 



sm q, = 
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J_ 
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[1] 



Therefore the sine^ cosine^ and taiigeivt are reciprocals 
of the cosecant^ secant^ and cotangent Respectively. 



27. 



smg) y x 

cosg) r ' r 



y ^ sm g) ^ p ^^ 

:-=tang), .'. — -=tang). [21 
X cosg ^ -" 



cosg) X y X ^ cosg) , r„T 

-^^ — =--^ -=-=ctng, .*. . -=ctng. [3] 
smg r r y smg 

Any two of the quantities appearing in either [2] or 
[3] being given, it is evident that the third can be found. 
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§ 28. Relations between sine and cosine^ tangent and 
secant^ cotangent and cosecant. 

By § 21 e, we have (Figs. 22-25) x^-\-y^ = r^^ a 
fonnula which holds for all the figures since the squares 
of a, y, and r are positive in all cases ; and from tMs 
we get : — 

-3+~2 = l, .-. sin2.g) + cos2g) = l, [4] 

^-3=1+^2, .-. sec> = l +tan2g), [5] 

M 3 t* 

-2=1+^2, .-. csc2g) = l + ctn'»qp, [6] 

The above formula^, enable us to solve the following 
problems : — 

To find cos q) when sin gp is given, and the converse. 

sec g) '' tang) *"' 
CSC g} '' ctn g) " 

In order, however, to solve these problems completely, 
it is also necessary to know to what quadrant g» belongs. 
When, for example, cos (^ is given, we have from [4] sin g)= 

± vT^ cos '^ g), which does not, on account of the doable 
sign of the radical, completelj^ determine sin g) ; but, when 
we also know to what quadrant g; belongs, we know by § 25 
the sign of its sine, and can therefore completely deter- 
mine sin g^. It should be noted that formulas [1]-[6J 
enable us, when any one function is given, to find all the 
others. The student is advised, before reading farther, to -- 
do examples 1-9 at the end of this chapter. 
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§ 29. To represent the trigonometric functions by 
straight tines. 

In order that the trigone luetvic functions, or ratios, may 
be represented by straight lines, the triangle of reference 
must be ao taken for each ratio that tlie denominator of 
the ratio shall be unity. 

In Figs. 26-29, let q^ or the angle xop, be an angle of 




tlie 1st, 2d, 3d, and 4th quadrants respectively. From o 
M s centre, with a radius unity, describe a circle. 

hjp' 
bfl anity, we will, \a each figure, construct the triangle of 
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reference ocb, in which the hypothenuse ob is equal to 
the radius, or unity. 

CB oc 

.*. smqp = — =CB, cosgp=-Y-=oo. 

tan q) =t^ — , sec g) = vi — • By drawing a geometric tan- 
gent iat A, we have the triangle of reference oat, in which 
the base oa is unity. 

AT OT 

.'. tang) = Y = AT, secg)=-:p=OT. 

ctn op = , CSC OP = ^^. Through a point + 90 ° from 

perp ^ perp ° ^ ' 

A, draw a geometric tangent which will cut ob produced 

in some point as t' ; from t' let fall a perpendicular upon 

x'x. The triangle of reference olt' thus formed will be a 

triangle in which the perpendicular lt' := oa' =: 1 , and 

the base ol = aV. 

* OL OT' 

. •. ctn g) = — =OL = aV, csc cp=z— ==: ot'. 

versed sin g) = 1 — cos g: = oa — oc = ca 

From § 20 and § 22 we know that : — 
In Fig. 26, — 

oc, CB, AT, OT, aV, ot', and ca are positive. 
In Fig. 27,— 

CB, ot', and ca are positive, 
and oc, at, ot, and aV are negative. 
In Fig. 28, — 

AT, aV, and ca are positive, 
and CB, oc, ot, and ot' are negative. 

In Fig. 29, — 

oc, ot, and ca are positive, 
and CB, at, a't', and ot' are negative.. 
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Putting the above results in words, we have the follow- 
ing corollaries to our original definitions (v, § 24) : — 

In a circle whose radius is unity, the trigonometric 
functions of an angle or arc may be represented bj- the 
following lines : — 

The sine, by the line which measures the perpendicular 
distance of the end of the arc from* the initial line. 

The cosine^ by the line drawn from the centre of the 
circle to the foot of the sine. 

The tangent^ by that part of the geometric tangent at 
the beginning of the arc which is drawn from the point 
of tangency to the terminal line. 

The cotangent^ hy that part of the geometric tangent 
at a point -|- 90° from the beginning of the arc which is 
drawn /rom the point of tangency to the terminal line. 

The secant^ by the line drawn from the centre of the 
circle to the end of the tangent. 

The cosecant^ by the line drawn from the centre of the 
circle to the end of the cotangent. 

The versed sine, by the line drawn from the foot of the 
sine to the beginning of the arc. 

What has been said in this section should not lead the 
student to regard the trigonometric functions as absolute 
lines. The trigonometric functions are not the lines 
themselves, but are merely the numbers which denote the 
ratios of the lines to the arbitrary unit which we choose as 
a radius. » 



''The word " from " indicates the direction, and therefore the 
sign of the line. 
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FIG. 30. 



tJie sine 



§ 30. In any circle 
of any arc is one-half the chord of twice the arc, 

111 Fig. 30 let the angle b'ob or the arc b'b == 2 cp. 

Draw OA so as to bisect the angle or 
2 q ; draw the chord b'b. Since oa 
bisects the angle b'ob, we know from 
geometry that it is perpendicular to 
and bisects the chord b'b. .•. cb = 
^ b'b = ^ chord 2 g?. 




But by § 29, — 

CB = sin g) .*. sin qp = ^ chord 2 q) 



[7] 



§ 31* Relations between the functions of q ±k 360°, 

180° — g), 180° -f>, 
360° — g), — gj, and 
the functio7is of g). 

Let us take an3' 
angle of the 1st quad- 
rant,' as xop (Fig. 
31) ; let the acute 
^'" -x value of this angle be 
denoted by g?. xop 
then denotes either 
the angle q or the 
angle q ± k 360° {v. 
n, §18). 




* A treatment of the subject of §§ 31, 32, and 33, covering explicitly 
all possible values of q, is given in appendix I., which the teacher 
may at his discretion substitute for these sections. 
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Construct the angles : — 
xop' = 180° — (jp, xop" = 180° + (fy 

xop'"= 360° — gj or = 



(p. 



' In accordance with this construction, the acute angles 
XOP or 9, p'ox', x'op^', and p"'ox are all equal to one 
another. 

Construct the triangles of reference ocb, oc'b', oc"b", 
and oc"V' ; each of these triangles having an acute 
angle equal to 9, they are similar (v. § 21, d), and their 
homologous sides are proportional ; moreover, the perpen- 
diculars CB, c'b', c''b", and c"V, being opposite the equal 
angles, are homologous. Therefore the coiTesponding 
trigonometric functions of the angles cp, cp± k 360°, 180° 
— qp, 180°-|- (p, 360° — qp, and — g?, are numerically equal ; 
but, paying proper attention to the algebraic signs of 
these functions {v. § 25), we arrive at the following re- 
salts : — 

sin {(Jp ± k 360°) = sin g? 
cos (cp ± k 360°) = cos 






[8] 
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[9] 



[10] 



[11] 
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In like manner the other functions of these angles ma}^ 
be found ; the}' may also be found from the above b}' [1], 
[2], and [3]. 

§ 32. Relations between the functions of 90° -f- (^, 
90° — ,/), 270° + </), 270°— (/), and the functions of n. 

Let us take any angle of the 1st quadrant, as xop 
(Fig. 32), which we will call qr. Construct the angles, — 

xop' = 90° — g), xop" = 90° + qp, 
xop'"=: 270°— g;, xop^^= 270° + qp. 

Construct, with re- 
spect to these angles, 
the triangles of refer- 
ence ocB^ oc'b', oc"b", 
^ oc'"b'", and*oc^^B*^ In 
accordance with this 
construction, the an- 
gles marked qr in the 
figure are all equal. 

The triangles ocb, 
ocV, o\d''b", oc'^'b'", 
and oc'^B^^, having 
each an acute angle 
equal to qp, are all 
similar {y, § 21, d), 
and their homologous 
sides are proportional. But in this case the lines oc', 
9c'', go''', and oc^' of the triangles oo'b', oc'^b", oc'"b'", 
and oc^^'b*'', being opposite the angle qp, are homologous 
^ with CB of the triangle ocb ; and c'b', c"b", c'"b'", and 
c^^'b'"', are homologous with oc. Therefore, paying proper 
attention to the algebraic signs, we get the following 
results : — 
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C B 
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= — . • . sin ( 90° — 9^) = cos <]p 

sin qp 
-^yr = ^'^.•. sin( 90°-|-g)= cosg? 

— sin g) 
= — ^^ .*. sin (270° — g>) = — cosqp 

— sin qp 

— cosgi 
iv — ^„ • • ^'^"^ v*"^ I vv — sin qr 
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[12] 



[13] 



[14] 
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.-. sin (270° + g) =r 
.-. cos (270° -f g>) = 



[15] 



§ 33. From [12], by [1], [2], and [3], we readily 
obtain the following : — 



CSC (90° — g?) = sec g 
sec (90^ — ^) == CSC g? 
tan (90° — g) = ctn g? 
ctn (90° — gj) = tan qp 



\ 



[12J 



Now, g) and 90° — g) are complements of each other : 
therefore from [12] and [12i] we see that the sine, tan- 
gent^ and secant of any angle are respective!}- the cosine^ 
cotangent^ and cosecant of its complement. 

"Co", then, is merely an abbreviation for the word 
" complement's ; *' [12] and [12i] may therefore be 
expressed in words as follows : — 

The cosine of an}* angle is its complement's sine. 
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The cosecant of any angle is its complement's secant. 
The cotangent of any angle is hs complement's tangent. 
Formulas 8-15 are easily remembered if we note that 
when gp is coupled with 0°, 180°, or k 360**, the functions 
of tlie angles thus formed, and those of <]p, are numerically 
the same; wliile, when cp is coupled with 90° or 270°, 
the functions of the angles thus formed, and those of g., 
are numerically complementary. 

The algebraic sign is determined in each case by sup- 
posing cp to be acute, and then noticing to what quadrant 
the resulting angle belongs. 

It will be readily seen, b}' constructing proper figures, 
that formulas 8-15 hold for all values of qp. 



§ 34. To find the functions of 0° and S60°. 

FIG. 33. 

Suppose (f (Fig. 33) to 
decrease until it becomes 
0; then y will become 0, 
y and r will coincide with x. 



— V—^—^ 




tanO° =^=- = 0, 

X X ' 



.-. sinO° = ^=-=0, 
r r 



cosO° = -=l, 
r 



secO° = - = l, 

X 



X 



X 



ctnO°=- = -=Qo, CSC 0° = -= =00 



y 



y 



When cp is equal to 360° we shall also have y = 0, and 
rz=x; therefore the functions of 360° are the same as 
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§35. Tojindthe functions of 90"". 
Suppose (Fig. 33) qp to increase until it becomes equal 
to 90° ; then x will become 0, and y will coincide with r. 



.-. sin 90°=-=!, C8c90°=^z=l, 

r y 

cos90°=-=- = 0, 8ec90° = ^ = ][=Qo, 



tan90°=^ = ^z=oo ctn 90° =^ = - = 0. 

X y y 

These results can also be found by putting qp = in 
[12] and [12i]. 

§36. To find the functions of ISO"" , 

Suppose qp (Fig. 33) to increase until it becomes 180° : 
then y will become 0, and r will become numerically equal 
to a?, but opposite in sigii, {v, § 20, d.) 



.•.sinl80°=^=-=0, CSC 180° = - = ^=00, 

r r y 

co8l80° = -=— 1, tan 180° = ^ = - = 0, 
r XX 



sec 180°=-=— 1, ctnl80°=- = ^ = Qo. 

X y 



Sin 180° and cos 180° may also be found by putting 
(]p = in [9], and from these the other functions by [1], 
[2], and [3]. 
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§ 37. To find the functions of 2W . 

Suppose qp (Fig. 33) to increase until it becomes 270° : 
then X will become 0, and r will become nuTnericaUy equal 
to y, but opposite in sign. {v. § 20, d.) 

.-. sin 270°= J^ =—1 CSC 270° = -^ = — 1 

r y 

cos 270°= -=-=0 sec 270° =^=qo 
r r . 

tan 270° = ^^=^=00 ctn 270° = - = - = 

X y y 

§ 3& To find the functions of 30'' and 60°. 

In formula 7 let g- = 30° ; this formula will then be- 
come sin 30° = i chord 60°. But by § 21, i, chord 60° 
= radius =: 1. .-.sin 30° = i. .*. from [4] we have, — 

cos 30° = + Vl — sin 2 30 = + Vf^ = + '^1 

and from [2] , — 

.,^qno_sin30 i _ 1 . 

from [3] , — 



ctn30°=-^^ = V3; 
tan 30 



from [1], — 



sec 30° = -J— = -|-, CSC 30° = -r-^ = 2. 
cos 30 V 3 sm 30 



* Why -f ? r. remark at end of § 28. 
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We have then by [12] and [12i] since 

60° = 90° — 30° ; 
sin 60 == cos 30° = i V3, cos 60° = sin 30° = i, 

tan 60° = ctn 30° = V3, ctn 60° = tan 30° = -1-, 

Wo 

2 
sec 60° = CSC 30° = 2, esc 60° = sec 30° = ~t^. 

§ 39. To find the functions of ^5°, 

45° is the complement of 45°. Therefore by [12] and 
[12,],- 

sin 45 = cos 45, tan 45° = ctn 45°, sec 45° = esc 45° 
Whence by [4], — 

sin ^ 45° + cos « 45° = 1 = 2 sin ^ 45° = 2 cos ^ 45°. 



=+ji- 



.•. sin 45° = cos 45* 

tan45° = ctn45°=?^^ = l, 

cos 45 

sec 45° = esc 45° = -r-^o = '^2. 

sin 45 

§ 40. To find the functions of 120" . 

120° = 180°— 60°; 
by[9],- 

sin 120° = sin 60° = \ V3, 

cos 1 20° = — cos 60° = — i, 

* Why + V (v. remark at end oi ^ 2a.> 
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^ , sin 120° iV3 -^ 

^^^^=^^l20-°=-i=-^'' 

1 _ 1 
^^^^^ =tanl20"°-~V3' 

sec 120°= -^= — , = — 2, 

cos 120 



1 L_ = A. 

sml20°""iV3~V3* 



CSC 1 20° = . ,^^o = rw^ = 



%^L To find the functions of 15(f. 

150° =180° — 30^ 
.-. by[9],— 

sin 150° = sin 30° = 4 

COS 150° = — co8 30°=— iV3, 

_sin 150° _ i 



tan 150° = 



cosl50°"" — iV3 V8' 



ctn 150° = , !,^o = —^3, 
tan 150 



o^^k 


150° = 


cos 


1 




2 


sec 


150° 


V3' 




150° = 




1 


1 

V 


= 2. 


CSC 


sin 


150° 



§ 42. To find the functions of ISff^. 

135° = 180° — 45^ ; 
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.•.by[9],- 

sin 135° 



= sin45°=:Vi , 
cos 135° = — cos 45° = — V^, 



tan' 135° = 



ctn 135° = 



sec 135° = 



C8Cl35° = 



s in 135° _ V^ _ 
cosl35°~— Vi"" ' 






tan 135° — 1 



cos 135° 
1 



8inl35°""Vi 



=-4=V2. 



§ 43. Collecting the results of the last nine sections for 
easy reference, we have : — 



Angle 


sin 



COS 


tan 



ctn 


sec 


CSC 

00 


• - 0° 


1 


00 


1 


.• 30° 


i 


iVs 


Vi 


Vs 


2Vi 


2 


.• 45° 


V4 


Vi 


1 


1 


V2 


V2 


--60° 


iV3 


i 


V3 


Vi 


2 


2Vi 


..90° 


1 





00 





00 


1 


-•120° 


iV3 


-i 


Va 


-v* 


— 2 


2Vi 


135° 


Vi 


-Vi 


—1 


1 


V^ 


V2 


150° 


f 


iV3 


-v^ 


Vs 


-2V^ 


2 

1 


. . 180° 





— 1 





00 


— 1 


1 

00 


270° 


— 1 





00 





00 


— 1 


360° 





1 





00 


1 


00 



[16] 
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§ 44. Increase and decrease of the functions. 
We have shown in § 30 that, in the circle of which the 
radius is unit}', — 

sin (f = \ chord 2 <]p. 

Now, we know by geometry that the increase of an arc 
less than a semi-circumference is accompanied b}' the 
increase of its chord. Hence, if qpOO®, that is, if 
2 gj < 180®, sin (jp increases with the increase of q. Since, 

when g) < 90°, cos qf= -f- V 1 — sin^ qp, cos 9 decreases 
with the increase of sin qp, and therefore decreases with 

the increase of op. Again, tan cp = ^, of which the 

^ o ' ^ cosqp 

numerator increases and the denominator decreases with 
the increase of qr. Either of these changes causes the 
mcrease of the fraction. Hence, if g? < 90°, tan qp in- 
creases with the increase of g?. The reciprocal of a quan- 
tit\* decreases with the increase of the quantity, and vice 
versa. Hence we see that the sine, tangent, and secant of 
an acute angle increase with the increase of the angle, while 
the cosine, cotangent, and cosecant decrease. 

Now, if g) is acute, 180°— g, 180° -f(^, and 360°— g), 
are gener'al expressions for angles in the second, third, 
and fourth quadrants respectivel}^ ; and 180°-|- gj increases 
with the increase of gj, while 180° — g) and 360° — g) de- 
crease with the increase of g). But the functions of these 
angles are numerically equal to those of g*, by § 31. 
Hence, in the third quadrant, the rule for the increase and 
decrease of the numerical values of the functions is th( 
same as in the first ; but in the second and fourth quad- 
rants the rule is opposite to the first. 

The algebraic value of a negative quantity (that is, the 
complete value, taking account of the sign) increases with 
the decrease of its numerical value, and vice versa. Re- 
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garding, then, the table of signs in § 25, we obtain the 
following results : — 



0° 
1st qu. 

90° 
2dqu. 

180° 
3d qu. 

270° 
4th qu. 

360° 



sin. 


COS. 


TO 


+ 1 


inc. 


dec. 


+ 1 


±0 


dec. 


dec. 


±0 


— 1 


dec. 


inc. 


— 1 


TO 


inc. 


inc. 


TO 


+ 1 



tan. 



ctn. 



TO 
hic. 
±00 
inc. 

TO 

inc. 

±00 

hic. 
=F0 



Too 
dec. 
±0 
dec. 
Too 
dec. 
±0 
dec. 
Too 



sec. 



CSC. 



+1 

inc. 
±00 

inc. 
— 1 



Too 
dec. 

inc. 

±00 



[17] 



dec. j inc. 

Too : — 1 

I 

dec. I dec. 

+ 1 I q:x 



In this table, the sign before oo or sliows whether 
the function is passing from -f- to — or from — to -j-> 
with the increase of the angle. 

§ 45. Inverse or anti functions. 

In a? = 8in g), x is expressed as a function of <]p. In 
order to express g) as a function of a;, the following nota- 
tion has been adopted : — 

cp = sin "' X, 

This equation denotes that gp is that angle whose sine 
is X, 

In like manner, if y = cos (jp, 2 = tan qp, and to = sec g), 
we can write : — 



cp = cos "' y. 



q> = tan "* z 



gi = sec ~' w. 



Sin ■■' a?, cos "^ y, tan "^z, &c., are called the inverse, ot 
anti trigoDometric functions, and ate read axi^^\\i<^ q^ x^ 
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anticosine of y, &c. ; the}' are sometimes written are sin 05, 
arc cos 2/, arc tana;, &c., since they denote the arc, or 
angle, whose sine is a?, whose cosine is y, &c. 

In like manner we can denote the inverse or anti-loga- 
rithmic functions.^ Thus, if log u=x, then u = log ~^ x. 

The inverse of "log sin'* may be written, (logsin)"^ 
Thus, if log sin qp = 9.8421, then xp = (log sin)-^ 9.8421. 

Examples : — 

sin45° = \/i, tan30° = Vi, esc 270° = — 1; 
therefore, 
45° = sin -' Vi, 30° = tan -' V^, 270° = esc -'(—l). 

An}' relation which can be shown to exist between the 
trigonometric functions can be expressed by means of the 
inverse notation. If, for example, — 

sin qp sin 

tan qp = ^ = — qp = a?, 

cos qp cos ^ 

then qp = tan ~^ a; = f — ) x, 

\cos / 




O ' EXAMPLES. 

1. What signs belong to the different functions of each 
of the following angles? 

289°, 368°, 510°, 640°, 1178°, —80°, —188°, —1722°. 

2. In what quadrants must an angle be taken whose 

secant = -|- - ? 
4 

" In what quadrants must an angle be taken whose tan- 
gent =—-? I 
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In what quadrants must an angle be taken whose cose- 
cant = — 2? 

3. In what quadrants must A, Ai, &c«, be taken in 
each of the following cases ? 

sin A = + 0.809 cos Ai = — 0.599 

tan Ag = — V^ ctn Ag = + 0.466 

secA4 = — V2 CSC A5 = + 3.86. 

4. Which of the trigonometric functions of an angle 
are never numerically less than unity? which never nu- 
merically greater than unity? which sometimes greater 
and sometimes less than unity? 

5. thriven sinAz=^V3, and cosAz=^; find all the 
other functions of A. 

6. Given cosA = — V^; find all the other functions 
of A when A is an angle of the 2d quadrant. 

7. Given cos A = ; find all the other functions of 

2V2 

A when A is an angle of the 4th quadrant. 

• 8. Given tan A = V3 ; find all the other functions of 

A when A is an angle of the 3d quadrant. 

9. Givenjctn A = f ; find all the possible values of 
other functions of A. 

10. Prove sec^A. CSC ^A=i sec ^A-|- CSC ^A. Q 

11. If CSC A = sec B, what is the relation between A 
andB? (v. §33.) 

12. Draw lines in and about a circle whose radius is 
unity, which represent the functions of an angle A of the 
2d quadrant when cos A = — ^ ; also 'when A is an angle 
of the 4th quadrant, and cos A = + i» 

13. Suppose A to be an angle of the 3d quadrant; 
draw lines as above when tan A = -|- 1 • 



40 PLANE TRIGONOMETBY. 

O 

14. Find by geometry all the functions of 45°. Given 

chord 36° =.0.618, find sin 18°. 

15. Given sin A = ^, and A < 90°, what are the func- 
tions of the angles —A, 90° ± A, 180° ± A, 270° ± A, 
360° ± A? 

16. GiveiT sin 30 = ^ ; what are the functions of the 
angles 3270°, 2580°, 750°, — 150°, — 60°, —120°? ^' ■ 

^17. Show that formulas 8-15 hold when q) is an angle "'* 

of the 2d quadrant. 
/ 18. The same as the above when qi is an angle of the 

3d quadrant. O 

19. Find all the functions of the following angles : 

210°, 225°, 240°, 300°, 315°, — 45°. Q) 

20. What values of A, A^, A2, and Aj, between 0° and 
720°, will satisfy the following equations : — 

sin A = + i cos Aj = — V^ 

tanA2 = + V3 tan 2A3 + 4 sin ^ As=:0 

21. What angles less than 360° have a cosine = — ^/^F 
what a secant = — 2 ? what a tangent =: -f- Vs ? 

22. Which of the following angles have a cosine = 
— i ? which a tangent = — 1 ? which a secant =: -|- V2 ? 
45°, 120°, 225°, 240°, 315°, —240°, —315°, 600°. 

' ^ 23. What values of A between 0° and 720° will satisfy 

the equation sin ^ A + 5 cos ^ A =: 3 ? 
V *^^ 24. Given sin ^ A = m cos A — n; find cos A. 

- '25. Given sin A = m sin B, and tan A = w tan B ; find 

sin A and cos B. . 

'^^26. Show what change is taking place in each of the 

functions of an angle when the angle is increasing frpm 

0° to 90°, from 90° to 180°, from 180° to 270°, and from 

270° to 360°. 
•^ . \^27. Given sin ^ + cos ^ = 1 ; find 6, 
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28. Given sin ^ ^ = ; find d, 

2sec^ 

29. Givensin^^ — 2cos^ + i = 0; find^. 
«0. Prove: — 

sm *^ . tan ^-f-cos^^ . ctn ^ + 2 sin d cos ^ = tan (? + ctn d. 
31. Given cos 288° = 0.309 ; find ctn 162°. (Carry 
the result to three places of decimals.) 
/i2. Given tan 241° = 1.8 ; find sin 299°. 

33. Given A = sin "4, B = sin "' f ; 
Prove A+B = 90°. 

34. Prove sin "^ x -|-, cos "^ a; = 90°. 

36 . Find the value of tan (tan ~^x-\- ctn ~* a?) . 

cos A ' ^^^ V cos B 
36. Cos X =~-7T. . Cos (90 — a) = --~r,. 

sin C ^ sin C 

Prove cos * A -|- cos ^B -j- cos ^C = 1 . 



■ ^ ■. r- 



-h^ 






CHAPTER m. 



FUNCTIONS OF THE SUM AND DIFFERENCE O** TWO ANGLES, 
AND FORMULAS DEDUCED FROM THEM. 

§ 46. Given the sine and cosine of any two angles^ to 
find the sine and cosine of their sum and of their differ- 
ence. 

Let a and ^ denote the two angles, and let op, oq, and 

FIG. 34. 




OR be SO drawn in a plane that a = poq, ^ = qor. 
Then, by § 16, — 

«-j-|3 = P0Q -j-QOR = POR. 
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The angles a, |3, and a-\-(i^ are all positive and acute 
in Fig. 34 ; but our solution is applicable to all possible 
cases {v. § 47). 

From any point, c, of the line or, drop perpendiculars 
on OP and OQ, meeting op and oq at d and b respec- 
tively. From B drop a perpendicular on op, meeting op 
at A. Then the triangles oab, obc, and odc, are triangles 
of reference for a, |3, and a + ^, respectively; and w> 
have — 

AB , / \ • /» ^^ /f\ 

sm « = — ; .*. AB :^ sm a . ob ; (a) sm >5 = — . (0) 
OB . ^ 00 ^ ^ 



COS tf = — ; .'. OA = cos « . OB ; (c) cos ,5 = - - . (a) 
OB ^ oc ^ 



sin (« + |5) = — ; cos (a 4- 3)= — . 



Through B draw BS parallel to op, and meeting dg at e. 
Let s and q be so taken that BS and bq are positive ; and 
let T be so taken on bg that qbt is a positive right angle. 
Then, by § 21 ^ and § 16, — 

SBT = SBQ -f- QBT= 90° -f" « ) 

and BEG is a triangle of reference for this angle. Hence, 
by [13], - 

EG 

sin (90° -]-«) = cos « = — ; .*. e c = cos « . bc . (e) 



BB 

cos (90° -[-«)= — 8inflf= — ; .*. be = — sina. bg . (/) 

BC _ 
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Again, by § 2 and § 3, c?, — 

DC = DE -|- EC = AB -|- EC ; OD = O A -|- AD =: OA + BE. 

Then we have — 

. . , ^^ DC AB , EC 

sin (« +/J) = — = \- — , 

^ ' oc oc ' oc 



, , . OD OA , BE 

COS (« + ^) = — = ; 

^ oc OC ' oc 



or substituting from (a), (e), (c), and (/), 



• / I ^\ • OB , BC 

sin (« + p) = sin « . h cos u . — , 

^ ' "^^ oc ' oc 



/ I x>\ OB . BC 

COS (« + p) = COS u . sin « . — : 

' "^ oc OC 

now, substituting from (d) and (^), we get — 

sin (a -j- ^ ) = sin a cos ^ -)- cos « sin |3, [18, a] 

cos (a -f" f^ ) = cos a cos ^ — sin a sin |3. [19, a] 

Since the above solution is applicable to all values of a 
and j3 (v. § 47), we may replace ^ by — 13. 

But, by [11],— 

sin ( — j3) = — sin |3, cos ( — 13) ==cos(5. 

Hence we have — 

sin (a — ^) = sin a cos j3 — cos a sin j3, [18, &] 
cos ((« — j3) = cos a cos j3 -j- sin a sin |3. [19, &] 
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The four formulas proved above can be embodied in two 
formulas, as follows : — 

sin {a ± ^) = sin a cos |3 ± cos a sin |3, [18] 

oofj (a ± ^) = cos a cos |Ji ^ sin a sin ^. [19] 

where we are to use either the upper signs throughout or 
the lower signs throughout. 

These two formulas, which are constantly used in mathe- 
matics, should be committed to memory. i 

\ 

§ 47. After the student has thoroughly mastered the 
* above solution as applied to any one case of the problem, 
such as that of Fig. 34, he should carefully re-examine it, 
with the view to satisfying himself that it is equally valid 
for any possible case. To assist him in making this ex- 
amination, we append Figs. 35-38 ; and the student is 
advised to draw figures which shall represent still other 
cases. But it is important to observe that the generalit}' 
of the solution does not depend on a complete anal3'sis of 
cases, but on its being stated in a form which can be seen 
at every point to aftmit of universal application. 



FIG. 36. 
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FIG. 37. 



FIG. 38. 
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§ 48. Given the sine and cosine of the sum or difference 
of any two angles^ to find the tangent and cotangents 
By [2], [18], and [19], we have,— 

sin (a ± ^) sin a cos ^ ± cos a sin ^ 

tan ( flJ it P ) ■. 77- — r ; I ;: 

COS (a ± p) cos a cos j3 ^ sin a sin p 

Divide both numerator and denominajor by cos a cos |3, 

and we get, — 

sin a cos ^ cos a sin ^ 

cos a cos /3 cos a cos 5 tan a ± tan iS ^ 

tan (« ± |3) = = 7 — ^ ^ 

cos a cos j3 sin « sin |3 1 -F tan a tanp 

cos a cos j3 cos a cos (3 [20] -0 

By [1] and [20] we have,— 

1 4^ / j^ i3\ 1 T tan a tan j3 

: — / Tx = ctn (« ± «) = 7 ~ 

tan (a ± (^) v -^ r>' tan a ± tan j3 

Divide both numerator aud denominator by tan a tan ^, 
and we get, 



ctn a ctn ^ q= 1 
ctn (a ± ^) =-— — ^— -~- — 
^ ctn ^ i ctii« 



^ 
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§ 49. The following formulas are sometimes found use- 
ful. Let the student prove them by the aid of formulas 
[2, 18 a, 18 6, 19 a, 1& 6, and 4.] 

sin (a + /^) tan a -j- tan /3 ctn § -(" ^^^ ^ 

sin (a — ^) tan a — tan |3 ctn ^ — ctn a '- -' 

cos (a -j- j3) 1 — tan a tan (3 ctn j3 — tan a _ 

cos (a — ^) 1 -|- tan a tan § ctn fl -|- tan a_ ^ 

sin (a -j- /3) sin (a — i3) = sin ^ a — sin ^ /3 > 

==cos*j3 — cos^a J •- -* 

cos (a + ^) cos (a — j3) =cos2a — sin^|3) ^ ^ 

= cos2|3 — sin«a> "-^ -• 




§ 50. Given the functions of any angle ^ to find the 
functions of twice that angle. 

Substituting in [18 a] and [19 a] a for /3, we have, — 

sin (a -j- a) = sin 2 « = sin a cos a -f" ^^^ a sin « | l-' q 

= 2 sin a cos a ) 

*cos («-[-«)= cos 2 « = cos a cos a — sin a sin a 

= cos*a — sin^« (I.) . ^ ., 
= 2cos««-l (II.) f L^^-l ^ 
. = 1 — 2sin2« (III.) 

Substituting in [20] and [21] « for ± j3, we have, — 

1 V . r. tan a + tan a 2tai>« _^^_ 

ten («+«)=tan2«= f— taLtan« = l-tan» a ^^^^ 

1 — ' td.Il tt tctll Ct i. ~^ tall I* , 

. IV . ^ ctnactna — 1 ctn ^ a — 1 ___t 

ctn(«4'«)=ctn2a=— r-- = -7r^ [29] 

^ ctna-j-ctna 2 ctn a "- -" 
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§ 51. Given the functions of any angle to find tlvefunC" 
tions of half that angle. 

All the preceding formulas are perfectly general, and 
will apply as well to one angle as to another. We can 
therefore substitute ^ a throughout in place of a. Making 
this substitution, — 

in [27 III.] we have, — 



cosa= 1 — 2 sin ^ - .-. sin-=: V^ (1 — cos a) [30]^^ 

in [27 II.] we have, — 
cos«=:2cos2^ — 1 .-. cos- = V^ (1 -j- COS «) [31]i 

By [2], [30], and [31],— 

. a 

sin rr wr >^ 

tan'i=-^= i=^^ [32].: 



(C 



/ 

a 



and b}' [3] , — 



. a 1 1+cosa -^^- 

ctn - = \^ X^'SX J 

2 « \1 — cos a "■ ■* "^ 



tan 2 

* //§52 By[29],- 

^ , ctn'a — 1 ,ctn*a — 1 ,,, . vr«.^-i 






By [1] and [26],— 

CSC 2 a = -: — r-— = r— ; = i SOC « CSC a 

sin 2 a 2 sm a cos a 

= by [4] si°'« + <^^''« = |(tan «+ eta «) TSS] 
"■ ■■ 2 sin u cos a " ' ' - j 
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By subtracting [34] from [35] we get, — 

tan a = cse 2 « — ctn 2 a. 

Now, substituting ^ a for «, we get, — 

tan ^,a = esc a — ctn a. [36] 

By adding [34] to [35], and substituting as above, we 
^ get, — 

ctn 4 a = CSC a 4- ctn a = — — . [37] 

^ ' CSC a — ctn a *- ' 

Substituting 45° -{' i a^ and 45° — ^ «, for ^ « in 
[36] , and we get, — 

tan (45° + ^ a) = esc (90° + a) — ctn (90° -|- a) 

= by [13] sec a + tan a. [38] 

and 

tan 0*5° — i a) = esc (90° — a) — ctn (90° — a) 

= ctn (48°4-4a)=:seca — tan«= r [391 

* - sec«-f"t^^'' 

§ S3. Some formulas will now be obtained, tlie useful- 
ness of which will be seen hereafter. 

By [18 a] and [18 6],— 

sin (« 4- 1?) + sin (a — j3) = 2 sin a cos (3 [40] 

and sin (a-\-^) — sin (a — jS) = 2 cos « sin j3 [41] 
By [19 a] and [19 6],— 

cos (a -j- ^) -f- cos (a — 15)\= 2 cos a cos |5 [42] 

and COB (« — /3) — cos (« + 1^) = 2 sin a sin ^ [43] 
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Put a-\'^ = x .\2 a=ix-\-'y r. a=:^ (x-\-y) 
f^ — ^ = y 2 ^ = x — y .\ ^ = j^ (x — y) 

. Substituting these values of a and f^ in [40], [41], [42], 
and [43], we get, — 

sin X -f- sin y = 2 sin ^ (^4- V) ^os ^ (x — y) 
sin x — sin ?/ = 2 cos ^ (» + y) sin ^ (x — 2^) 
cos X 4- cos y = 2 cos ^ (x~\-y) cos ^ {x — y) 
cos y — cos X = 2 sin ^ (a; -|- y) sin ^ {x — y) 

Since these last formulas are perfectly general, we can 
write an}' other letters, and therefore a and ^, in place of 
x and yy as follows : — 

8ina + sinfi = 2sini(«4-|3)cosi(« — f^) [44] 

sin a — sin ^ = 2 cos^ (« + ^) sin i (« — (^) [45] 

cos a -f- cosfJ= 2 cos ^ {u -f- ^) cos^ (a — ^) [46] 

cos^ — cosa=2 sin^ (« + /^) sin ^ (a — /?) [47] 
B}' [44] and [45] we have, — 



sin a-f-sin^ 2 sin^ (a-\-(i) cos^ (« — ^) 

sin a — sin j3 2cos^ (a + ^) sin^ (a — (i) 

= t.nH« + ^)ctni(«-^)=^|-g±g 
In like manner we get, — 



[48] 



cosj^-cos|^_^^^ ^^ 

cos « + cos f^ 2 V I r/ 2 V r/ u J- 

sin « ± sin 5 ^ , , . ^. r-^., 

T 7y= tan ^(a±B) [50J 

cos « + c<>s |3 2 v -L. r/ L J 

sin « T sin /3 . i / . /»x rr<-i 

cos/i^ — cos a :« \ ry ^^ T 
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EXAMPLES. 

' -4. Find the sines and cosines of the following angles 
by the aid of formulas 18, 19, and 12 : 0°, 90°, 180% 
270°, 360% (90°±A) (180°±A) (270°±A), (360°±A), 
and — A. (To get sin 0°, put 3=a in 118, 6j. ) 

2. From the functions of 30° find those of 15°. 

3. Prove cos (60° + A) -f cos (60° — A) = cos A. 

4. Prove sin (30° -|- A) + sin (30° — A) = cos A. 

. -o -A 2 tan i A 

o. Prove sm A = 



l + tan^A 

6. Find sin 3 A in terms of sin A. 

7. Find cos 3 A in terms of cos A. 

8. From the functions of 90° find those of 45°. 

9. Given sin A = § ; find sin ^ A ; also'cos ^ A. 
•10. Given 2 sin A = sin 2 A ; find Ax 

^11. Given tan 2 A = 3 tan A ; find A. 

12. Prove tan 50° -f ctn 50° = 2 sec 10°. 

^13. Given sin 280° = m ; find sin 160°. 

Nl4. Given sin 6 4- cos d = — — ; find 6, 

' V2 

M5. Given tan (45° — ^) + ctn (45° — ^) = 4 ; find ^. 

16. Prove ^^^ $L^ = tan 2 A -f sec 2 A. 

cos A — sin A ' 

17. Prove 

2 sin 2 A sin« B + 2 cos 2 A cos 2B = 1 -f cos 2 A cos 2 B. 

18. Prove 

tan (45° + A) — tan (45° — A) = 2 tan 2 A. 



/ 



^ft T^ sinB . sm(2A+B) ^ / a i -dx 

-19. Proves — t- = ^ — r ^ — 2cos (A +-B). 

sm A sm A 

^ -^ 1 — tanM45° — A) . « . "" 

8a Prove T-p- — ^YJ^ -^=rsm2A. 

1 + tan * (4o — A) 
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,, ^ 4tanA (1 — tan^A) ^ J^ 

21. Prove — -t\ — r,r^r-^ = sin 4 A. * 

(1 -j-tan-* A)^ • 

22. Prove 

sill A (1 -|- tan A ) -|- cos A ( 1 -f- ctn A) = esc A -|- sec A 
23. Prove 

sA+cos(120°— A)+co8 (120° + A)=0. 

24. Prove 
4 sin A sin (60° — A) sin (60° -f A) = sin 3 A. 

25. Given sin 3 ^ + sin 2 ^ + sin ^ = ; find ^^a-/'^'' 

26. Given sin {x -\- a) = cos (x — «) ; find x. 

27. Prove 2 sec 2 A = sec (45° + A) sec (45° —A). 

28. Given tan = -: find the value of a cos 2^4-6 

a 

sin 2 d. 

In tiie next five formulas k denotes any integer. These 
formulas can be readily proved by making the proper sub- 
stitutions in formulas 40, 41, 42, 43, and 20. 

29. Prove 

sin ka = 2 sin {k — 1) a cos a — sin (k — 2) a. 

30. Prove 
sin ka=i2 cos {k — 1)' « sin « -|- ^n (k — 2) a. 

31. Prove 
cos k a = 2 cos {k — 1) a cos a — cos {k — 2) «. 

32. Prove 
cos ka=z — 2 sin (A: — 1) a sin a + ^^s (A; — 2) a. 

33. Provetanfc«=.^"^^'7/^" + ^'^°" 

1 — tan (AC — 1 ) a tan a, 

34. Pi'ove by the aid of the formula of Ex. 31 cos 3 A 
= 4 cos "A — 3 cos A. 

o 
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, 35. Prove that when ^ A is between 0° and 90°, 
iVl + sinA=l + 28iniAVl — siniA. 

OS —— 71 

JL 36. Prove tan "^ x — tan ~^y = tan ~^ — ; — —. 

y ^ 1+xy 

-.4-37. Prove tan "H + tan "^ ^ = 45°. 
-^ 38. Prove sin "^ w . + ctn "^ 3 = 45°. 

"1^39. Given ^ = cos"Wj, and <]p = cos~^ — ^t . 

prove g) + ^z= 60°. 

A A 

40. Obtain sin — in terms of sin A when — lies between 

2 2 

— 45° and — 135°. 

vjL 41. Find cos 105°. 

42. Find tan 165°. 

43. Determine the limits between which A must lie in 
order that 

2 sin A = + Vl + sin 2 A — Vl — sin 2 A. 

44. If tan - = ( -^^ I tan |, show that cos 6 = 
2 \1— c/ 2 

cosqp — c 

1 — CCOSO)* 



CHAPTER IV. 
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FIG. 39. 



§ 54. Functions of small angles. 

Let AOB be any positive acute angle, and let a be its 

circular measure. Let aob'= — a, 
and therefore b'ob = 2 a ; and let 
o be the centre of a circle of which 
the radius is r = oa = ob = ob'. 
Let the chord bb' cut oa at c ; and 
~" let the tangents at b and b' meet 
at T, which must lie in oa pro- 
duced. Then, — i- 




a 



arc AB arc bb 

~ 2r ' 



CB chord bb' 

sin « = — = — - — , 

2r 



OA z r OA 

TB b't b't + tb 

tan a = — = — ,= — -^ . 

OB OB 2r 

Now, we know by geometry, that 

chord bb'< arc bb' < b't -|- tb. 

Hence, dividing through by 2r, and substituting the 
above values, we have, — 

sin a < a < tan a ; [52] 
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or, the circular measure of an acute angle is greater than 
the sine of the angle ^ and less than the tangent of the 
angle. 

The last written iuequality may assume the form, — 

_,l_ > i > ._!_. 
sin a a tan a 

Now, multipljing through by sin «, we have — 

, ^ sin it ^ r-^^-. 

1 > - - > cos a; [53] 

a 

and, multiplying through by sec a, — 

tana 

sec a > > 1. [541 

a 

But, if a = 0, cos a = sec a = 1 ; and the differences 
1 — cos a {v. [53]) and sec a — 1 {v, [54]) can be made 
less than any assigned quantity by taking a sufficiently 
small. Hence, — 

sin a tana . , , trkt 

= 1 — «, = 1 + e , [551 

a a ' ^ -' 

where e and e' are positive quantities which decrease in- 
definitely when a decreases. . We have then — 

sina=(l — e) a, tan a= (1 -|-e') a ; [56] 

or, if a is ver}' small, — 

sin a = tan a = a^ approximatel}'. [57] 

m 

For example, — 

sin 1'= tan V = -^-^ = 0.0002908882 .... 



56 PLANE TRIGONOMETRY. 

•^ § 55. We have, by [30],— 

1 — cos « = 2 sin * ^ a. 
Now, by [55] 9 — 

8inia=(l — e") X i« = i (1 — «") «; 
,-. l_eo8a = ^(l— ^")^«^ 

'>'^-^^^=^<<^-0'<h [58] 

or eosa = l— ^(1— 0^a^>l— ia^ [59] 

If a is very small, since e" decreases indefinitely with 

«» — 

cos a =: 1 — ^ a ^, approximately. [60] 

For example, — 

cos r = 1 _ 0-00000008^6 • • • • ^ 0.999999958. ■ . . 

§ 56. The formulas proved in the last two sections 
enable us to compute approximate values of the sine, 
cosine, and tangent of a ver}' small angle ; and the num- 
ber of decimal places to which these values are correct 
depends on the smallness of the angle. Let us next seek 
the limits of error of these formulas, so that we may know 
in what cases we have a rigl^t to use them. Such limits 
may be found as follows : — 

Since sin a = 2 sin ^ a cos ^ «, by [26], and since 
sin ^ « > ^ a cos ^ «, by [53] , — 

.". sin «> «cos^^a. 

a 

But since, by [52], sin J a < ^ «, 

.". cos^^«= 1 — sin^^a>l — ^a^; 

.". sma^a(l — ^a^) = a — ia*. [61] 
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Again, by [30] , cos a = 1 — 2 sin * ^ a ; and, by the form- 
ula just proved, — 

sin^a>^a — ^a*; 

.-. C08a<l— 2(ia— 3Va")'<l— i«'+Aa*- [62] 
For example, 

if a = circ. meas. 1' = r;^, = 0.000290888 . . . . , 

1 a « == 0.000000000006 . . . ., 
^ a * = 0.0000000000000004. . . . ; 

so that the above methods are capable of giving values of 
sin 1' accurate to eleven places of decimals, and of cos 1' 
accurate to fifteen places of decimals. 

By methods of the higher mathematics, we can establish 
still smaller limits of error ; proving that 

8ina>a— J«», ) 

Now we easily compute 

Ja«<0.00001, if «< 0.03915 = circ. meas. 2° 14'.6, 
aV a* < 0.00001, if «< 0.12447 = circ. meas. 7° r.9. 

Hence, up to these limits respectively', we may use the 
fonnulas sin a = a, cos « = 1 — ^ a\ with an error less 
than a unit in the fifth place of decimals. 

§ 57. To show how a table of trigonometric functions 
can be computed. 

It is necessary to find the functions of angles in the 
first quadrant only, as the functions of angles in the other 
quadrants are easily deduced from these. Since the sine 
of an angle is the cosine of its complement, a complete 
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table of sines will also be a complete table of cosines; 
and from the sine and cosine of an angle the other func- 
tions are readily computed. We need only show, then, 
how to construct a complete table of sines for the first 
quadrant. 

We ma^' use the formula sin «=« for small values of «, 
up to a certain limit depending on the number of decimal 
places used in the table, and determined as in the last 
section. We may then proceed by the following method. 
By [40],- 

sin (a + (3) + sin (a — j^) = 2 sin a cos j3. 

Let a be any angle, and let ^ be so small that* we can 
use the formula [60], — 

cos^=l— il^^ 

with an error far below the greatest error allowed in the 
table; for example, let fJ = circ. meas. 1'. Then the 
above formula gives, — 



sin (a + ^) =2sina — sin (a — fJ) — ^^sina, 



or 



sin (a + ^) — sina==sina — sin (a — j3) — ^^sina. [64^ 

If, then, we know sin « and sin(« — j5:l), we can com- 
pute sin (a + i^) ; then from sin (a-^^) and sin a, we 
can get sin («-}-2^) ; and so on, using the successive 
formulas, — 

sin (a-|-j3) — sin«=:sin« — sin (« — j3) — ^^sina, 

sin {a--\-2^) — sin (« + 1^) = sin (« -f^ ^) — sin a 
-i^2sin(a + i3), 

sin(a + 3(^)— sin(«4-2^)z=sin(«+2^)— sin(«+^) 
— ^^sm(a-^2^), i&c. 



TRIGONOMETRIC TABLES, 59 

If j3=circ. meas. 1= 0.00029..., f^^:^ 0.0000000846..., 
and, as this small number is a constant multiplier in the 
last term, computation b}' the above formulas is quite an 
easy process. 

By the successive application of these formulas, we may 
find the sines of all angles of the quadrant at any small 
interval ^ ; for example, 1'. 

§ Sa Given sin 20° = 0.34202, sin 20° 30' = 0.35021 ; 
let the student compute the following values by the above 
formulas, assuming fi = circ. meas. 30' : — 

sin 21° =0.3584, 
sin 21° 30' = 0.3665, 
sin 22° =0.3746, 
sin 22° 30' = 0.3827, 
sin 23° =0.3907. 

§ 59. When the values of the sine have been computed 
up to 60°, its values for the rest of the quadrant can be 
easily found by the formula, — 

sin (60°+ a) — sin (60°— a) = 2 cos 60° sin « = sin a, 
or 

sin (60°+ a) = sin (60°— a) + sin a. 

Again, we have found in §§38, 39, the values of the 
trigonometric functions for 30°, 45°, and 60° ; and from 
these we can compute those of 22° 30', 15°, 11° 15', 
7° 30', 5°37'.5, 3° 45', &c. The results thus obtained 
may be used as tests of the computation made b}^ the 
method of § 57. 
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§ 60. The trigonometric functions are called natural 
trigonometric functions, to distinguish them from their 
logarithms, which are called logarithmic trigonometric 
functions. 

Tables of the natural and logarithmic trigonometric 
functions have been constructed ; and a thorough under- 
standing of the use of these tables is necessary for per- 
forming trigonometric computations. 

Since there is some variation in the arrangement of dif- 
ferent tables, the student can better learn their use bv 
referring to the explanations which accompany the tables, 
than by any explanations which could be given here. 

Peirce's four-place tables will be used in the solution of 
problems in the following chapters. 

§ 61. Interpolatio)fw^ A trigonometric table cannot 
contain the functions of all angles of the quadrant, but 
onl}' of angles separated by a certain interval ; for exam- 
ple, an interval of 1' or of 10'. The functions of inter- 
mediate angles can be found by the same principle of 
proportional parts which is applied to the table of loga- 
rithms of numbers. We can prove the validity of this 
principle for the trigonometric functions as follows : — 

sin ( « -|~ (^) = ^^^ « cos j3 -|- cos a sin j3 

cos ( rt -|- j^) = cos a cos j3 — sin a sin |3 

Now, if j3is very small, we can by [60] and [57], take 
cos j3= 1, sin (3 = ^, and thus we have 

sin (« -|- 13) = sin « -|- (^ cos «, approximately, 

cos (a-|- j^) = cos a — j3 sin a, approximately. 
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Hence, if ^ and 1^ are two very small angles, — 

sin in-\-^) — sin a B cos a B . ^ i 

- — ) — l-^ -. = ^7 =^7 approximately. 

sin(a + f^) — sin a f^'cosa ^' ^^ 

cos a — cos (a 4- 8) tisina d . . , 

C0S«-C08(« + n = ^ = r "PP'^^""**^'>'- 

So that, for very small variations of an angle, the varia- 
tions of the sine and cosine are approximately propor- 
tional to the variations of the angle. Now, it is a known 
principle of logarithms, that, for very small variations of ^ 
a number, the variations of the logarithm are approx- 
imately proportional to those of the number ( Peirce*s 
Elements of Logarithms^ § 15). Hence, for yery small 
variations of an angle, the variations of the log sin and 
log cos are approximately proportional to thosft of the 
angle. 

The same principle can be extended, by similar proofs, 
to the other natural and logarithmic trigonometric func- 
tions. The limits within which it may be properly em- 
ployed can also be investigated by means of the formulas 
of §§ 55 and 56. 

§ 62. It must be remembered that tables of logarithms 
and of trigonometric functions onl^' give the values of the 
functions to a certain number of decimal places. For 
example : log sin 16° is given bj' our four-place tables as 
9.4403 ; but this only informs us that the true value lies 
somewhere between 9.44025 and 9.44035. Thus every 
logarithm (and ever}' natural function as well) taken from 
a four-place table is liable to an error not exceeding 
±0.00005 ; and, if the function is found by interpolation, 
its total error may have any value short of 0.0001. If, _ 
then, a logarithm is obtained by adding or subtracting 
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several logarithms, the error of the resulting logarithm 
may be several times 0.00005. 

"When a change of 0.0001 in any logarithmic trig- 
onometric function produces a change of more than 1' in 
the corresponding angle, the four-place logarithm does 
not determine the angle to minutes^ since the uncertainty 
of ± 0.00005 in the logarithm will leave an uncertainty of 
± 0'.5 in the angle. This will never be the case with the 
log tan or log ctn. 

" It is to be observed, that, with four-place logarithms, 
the angle can be determined to minutes from its log tan 
or log ctn in all parts of the quadrant ; from its log sin or 
log CSC in the first half of the quadrant ; and from its log 
cos or log sec in the last half. This observation will often 
direct the computer in the choice of his method, where 
several lie open to him." — Peirce^s Elements of Log- 
arithms, 



CHAPTER V. 

SOLUTION OF RIGHT TRIANGLES. 

§ 63. To solve sl triangle is to obtain from its given 
parts the values of its unknown parts. In eveiy triangle 
there are six parts ; namely, three angles and three sides. 

We have learned from geometry, that, in general, it is 
possible to construct sl triangle when any three of its parts 
are given, provided one of them is a side. We shall now 
show, that, in general, it is also possible to solve a triangle 
when we have the above data. 

In order to solve a triangle, we must obtain formulas by 
which each unknown part can be obtained from the known 
parts. 

As we proceed, we shall find that there are often several 
formulas by which any particular part may be found. A 
formula should be selected which is adapted to logarithmic 
computation^ and which will give accurate results ; and it 
is also well, when possible, to use formulas by which each 
unknown part can be obtained directly from those given 
at the outset. 

§ 64. " After a table of logarithms has once been con- 
structed, the labor of certain arithmetic operations can be 
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materially diminished, while at the same time the chance 
of committing errors is lessened. The sole arithmetical 
operations which can be performed by logarithms are those 
of multiplication, division, involution, and evolution. 
Before, therefore, the value of an expression can be calcu- 
lated by means of logarithms, the expression must be put 
into such a form that no other arithmetic operations than 
these have to be performed. Such an arrangement of an 
expression is called the adaptation of it to logarithmic 
computation." — Snowball. 

Thus, when in a right triangle (Fig. 40) a and c are 
FIG. 40. given, and b is required, loga- 

rithms cannot be directly applied 
to determine the value of b from 
the equation b^^== c^ — a^ or 

b = y/c^ — cL^ (§ 21, e) ; but if 
the equation is put into the fol- 
lowing form, b = V(c + a) (c — a), logarithms can be 
directly applied to determine the value of b. 

When a and b are given, and c is required, the foimula 
c^=:a^-|-6^ not being adapted to logarithmic computa- 
tion, will not, in general, be used to determine c, but the 
problem will be solved in a manner to be explained here- 
after. 

Since, as has been stated above, it is generally advan- 
tageous to make use of logarithms in problems involving 
arithmetic operations, care will be taken in this, and in 
the following chapter, to deduce and make use of formulas 
adapted to logarithmic computation. 

§ 65. When we know that one of the angles of a tri- 
angle is 90°, i.e., that the triangle is a right triangle, we 
can solve it by simpler methods than when all of the 
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angles are oblique ; we shall therefore consider right tri- 
angles separately, although they can be solved perfectly 
well by the general formulas which will be obtained here- 
after. 

When, in addition to the right angle, a side and one 
other part of a right triangle are given, it can be solved 
b3' formulas with which the student is alread}' familiar, 
but which, for the sake of convenience, will be collected 
below. 

A + B = 90° (I.) 

h 



sin A= 



cscA= 



a 
c 
c 
a 



cosA= 



(11-) 



(III.) 



secA=T 
b } 



tanA=T 





ctnA=- 



> (IV.) 



=a2+6 



[65] 



(c^ — a^ = b^={c-{-a)(c — a) 

b = \/{c-{-a) (c — a) 
a = V(c^'b){c^^b) 

§ 66. It will be worth while to begin by considering 
what cases can arise in the solution of right triangles. 
One side must be given, and may be either a leg or the 
hypothenuse. If a leg is given, there may be joined with 
it either the other leg, the hypothenuse, or an acute 
angle. If tlie hypothenuse is given, there may be joined 
with it either a leg (a case already considered) or an 
acute angle. 

The following, then, are all the cases which can 
arise : — 

Case I. Given the two legs. 

Qase II. Given a leg and the h3'pothenuse. 

Case III. Given a leg and an acute angle. 

Case IV. Given the hypothenuse and an acute angle. 
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In each of these cases^ any one of the required jKirts may 
he obtained from the given parts by using that one of the 
formulas in § 65 which involves the parts in question. 

The general rule given above should be rigorously fol- 
lowed, except in those cases where it will give formulas 
which are not adapted to logarithmic computation, or 
which will not give accurate results. 

§ 67. Case I. When we wish to find the hypothenuse 
from the two legs, the formula which we should choose in 
accordance with the rule, — i.e., c^ = a^-|-6*, — is not 
adapted to logarithmic computation. Here, then, we 
we shall have to deviate from the rule ; and, in finding 
the hypothienuse, we will proceed as follows : we will first 

find the angles by the formula, tan A=:ctnB = -; and 

b 

having found the angles we will get c from the formula, 

CSC A = - , or CSC B= -. 
a b 

If either angle is very small (say less than 10°), it is 

best to ^mplo}' the esc of the larger angle ; since a small 

angle must be given with great precision in order to deter- 

mine accuratel}' its sine and cosecant. 

Example L Given a = 643:6, 6 = 59.87. 

log tan A = log a — log 6= log ctn B, 

log c = log a -j- log CSC A, 
log a =2.8086 log a = 2.8086 

log 6 = 1.7772 log CSC A = 0.0019 

log tan A = 1.0314 = log ctn B, log c= 2.8105, 
A = 84°41', B = 5° 19' c= 646.4 

Example IL Given a = 0.0227, b = 0.0840. 
Answers. A = 15° 7' ; B = 74° 53' ; c = 0.0870. 
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§ 68. Case II. Given a leg and the hypothenuse (c) , 
we will denote the given leg by b. 

Proceeding in accordance witli the rule, we shall get the 
formulas 

sin B=: cos A = - , and a = V (c -f- 6) (c — 6) , 

c 

by which the following examples can be solved : — 

Example I, Given c = 7.458, h = 0.6473.. 
Answers, a = 7.430, A = 85° 1', B = 4° 59'. 

Example 11. Given c = 672.3, 6 = 548.9. 
Answers, a = 388.2, A = 35° 17', B = 54° 43'. 

The above method is the best when h differs considera- 
bly from c; but, when h is nearl}' equal to c, sin B and cos 
A will he nearly equal to unity ; B will therefore be nearly 
equal to 90°, and A will be nearly- equal to 0°. When 
this is the case neither A nor B can be obtained with great 

accuracy from the formula sin B = cos A = - (v. § 62 end) . 

c 

We will now deduce a new formula by which, when h is 
nearly equal to c, we can find A (and therefore its com- 
plement B) more accurately than by the above method. 

From [30],— 

2 sin * i A = 1 — cos A = 1 =: , 

.-. siniA = J^_^^ [66] 

Example III. Given 6 = 7.4169, c= 7.4451. 
From [66],— 

log sin i A = i [log (c — 6) —log 2 c]. 



". .. 
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The formula for finding a is, in accordance with the 
rule, a = V(c + 6) (c — b). 

.'. loga = ^[log(c + 6)+log(c — 6)] 

2 c = 14.8902 0+6 = 14.8620 log (c + 6)= 1.1 722 
log2c = 1.1730 c—b= 0.0282 log (c— 6)= 2.4502 

iog(c — 6)= 2.4502 2 | 1.6224 

log 2 0= 1.1730 log a = 1,81 12 

2117.2772 a =0.6474 



log sin^ A = 8. 6386 

JA = 2° 29'.6, A = 4° 59'.2, 90° — A = B = 85° OO'.S. 

Example IV. Given c = 84.32, 6= 84.28. 

Answers. a = 2.597, A = 1° 4G', B = 88M4'. 

§ 69. Case III. Given a leg and an acute angle. 
In this case and the following case, the unknown angle 
is the complement of the given angle ; while the unknown 
sides ma}' be found by employing those functions of the 
given angle of which the numerators are the unknown 
sides, and the denominator the given side. 

Example I. Given 6 = 0.084, A = 15° 9'. 
Ansioers. c = 0.0870, a = 0.0227, B = 74° 51'. 

Example 11. Given a = 64.82, A = 10° 3'. 
Answers. c = 371.4, 6 = 365.8, B = 79° 57'. 

§ 70. Case IV. Given the hypothenuse and an ojcuU 

* 

angle. 

':^Example I. Given c = 426.7, A = 34° 15'. 
Anstoem. a=240.1, 6 = 352.7, B = 55° 45'. 

A^ Example II. Given c = 371.4, A = 10° 3'. 
Answers. B = 79° 57', 6 = 365.8, a = 64.82. 
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EXAMPLES. 






1. 


Given c — 0.8423 


A — 42° 28' 


C — 90° 


solve 


2. 


• , 


c = 0.4497 


B — 51°25' 


C — 90° 




3. 




a — 984.2 


A — 22° 59' 


C = 90° 




4, 


' / . 


6 — 6.732 


A — 79° 13' 


C — 90° 




5. 




a — 31. 


B = 86° 18' 


C — 90° 




6. 




6 — 984.2 


B — 22° 59' 


C — 90° 




7. 




c = 73 


6 — 55 


0-90° 




8. 




c — 9 


6 — 8 


C — 90° 




9. 




c=1006. 


a — 1000 


C — 90° 




10. 




c = 86 


a — 17 


C — 90° 




11. 




a — 0.1 


6 — 1.069 


C — 90° 




12.. 




a = 272 


6 — 224 


C — 90° 





9 

■¥■ 

-A 

13. Given one leg equal to .7, and the angle opposite 

this leg equal to § the angle opposite the other leg : solve. 
^ 14. If one leg of a right triangle is | the hypothenuse, 

what are the angles of the triangle ? and what is the ratio 

of the other leg to the hypothenuse? 

15. Given one leg (a) and the perpendicular from the 

right angle on to the hypothenuse : solve. 
?) 16. Having measured a distance of 200 feet in a direct 

horizontal line from the bottom of a steeple, the angle of 

elevation of its top was found to be 46° 30' : find the 

height of the steeple. Ans. 210.8 ft. 

17. A river whose breadth ac is 200 feet runs at the 
foot of a tower ob which subtends an angle bao of 
25° 10' at the edge of the bank : find the height of the 
tower. Ans. 93.98 ft. 

18. A person on the top of a tower 50 feet high 
observes the angle of depression of two objects on the 
horizontal plane, which are in the same straight line with 
the tower, to be 30° and 45° : find their distances from 
each other and from the observer. 
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19. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane on which it stands : find the 
sun's altitude. Am. 63® 26'. 

20. A tower stands b^^ a river. A person on the oppo- 
site bank finds its elevation to be 60° ; he recedes 40 
yards in a direct line from the tower, and then finds the 
elevation to be 50° : find the breadth of the river. 

21. A rope is fastened to the top of a building 60 feet 
high. The length of the rope is 109 feet : find the angle 
at which it is inclined to the horizon. Ans, 33° 24'* 

22. Standing straight in front of a house, opposite one 
comer, I find that its length subtends an angle whose tan- 
gent is 2, while its height subtends an angle whose tangent 
is i ; the height of the house is 45 feet : find its length. 

23. From a balloon which is directly above one town, is 
observed the angle of depression of another town, 10° 14'. 
The towns being 8 miles apart, find the height of the bal- 
loon. Ans. 1^444 milesL 

24. Given an angle and the area : find formulas for the 
three sides. E. g. A = 38° 27', area 158.4. 

2*5. Prove that in a right triangle, area = s (s — c), 
where C is the right angle, and s = ^ (a-|-6-j-c). 
•*' 26. Wishing to know the height of an inaccessible hill, 
I took the angle of elevation of its top to be 60° ; I then 
measured 100 feet away from the hill, and found the angle 
of elevation to be 45° : what is the height of the hill? 

27. Find the angle which a flagstaff 5 3^ards long, and 
standing on the top of a tower 200 3'ards high, subtends 
at a point in the horizontal plane 100 yards from the base 
of the tower. Ans. 0° 34'. 

28. The depth of a dam is 8 feet ; the width at the top 
is 10 feet ; the inclination to the horizon of each side is 
38° 53'. Find the width of the dam at the bottom. 

Ans. 29.84 feet. 
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29. When the altitude of the sun is 30°, the length of 
the shadow cast by Bunker Hill Monument is 381.1 feet. 
Find the height of the monument. Ans. 220 feet. 

30. The earth's radius is 3,963 miles. Find the radius 
of the circle of latitude through Cambridge, Mass. (lat. 
42° 23'). Ans. 2,927 miles. 

31. Find the length, in geographical miles,* of the arc 
of the circle of latitude joining Halifax (long. 63° 35' W. ; 
lat. 44° 40' N.) with Cape Ferret, near Bordeaux, France 
(long. 1° 14' W.; lat. same as that of Halifax) . 

Ana^ 2,661 miles. 

32. A regular heptagon is inscribed in a circle the ra- 
dius of which is 6.6. Find a side and the area of the 
heptagon. Ans^ Side, 5.726; area, 119.2. 

* A geographical inile is the length of an arc of V measured ou 
the earth's equator. 



r 
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CHAFrp:R VI. 



FORMULAS RELATING TO OBLIQUE TRIANGLES. — SOLUTION 

OF OBLIQUE TRIANGLES. 

§ 71. Tke sides of any triangle are proportional to the 
sines of the opposite angles, * 



FIG. 41. 



FIG. 42. 




From B And c (Figs. 41 and 42) let fall the perpendic- 
ulars p' and p on b and c respectivel}'. Then 



sin A=-, sinB = - .-. -^__=^x- = t, 
a smB p 



and sin A=-, sinC = - .-. -j—^=?-X — =-• 

c a smC c p c 



(«) 



m 



From («) we get, ^ — -j^ = ^-^, 

sin A smB 
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a 



?rom (B) we get, - — - = ^-^ 



a 



• 



sin A sinB sinC 



[67] 



In applying the above to Fig. 42, we must remember 
that sin B is equal to the sine of its supplement cbp. 

§ 72L The sum of any two sidks of a triangle is to their 
difference as the tangent of half the sum of the opposite 
avgles is to the tangent of half their difference. 

From [67] we get, by the theory of proportions, — 

^=«4'?4+-r-|=by [48] f"f;f+;; ,[68] >^ 

a — sin A — sin B '^ ^ j 4.«^ i / a xi\ l j r 



In like manner 
a + c___tani(A + C) 



tani(A — B) 



,anclHl£ = tanHB + C) 



a — c tan^(A — C)' 6 — c tan^(B — C)' 

§ 73. The square of any side of a triangle is equal to 
the sum of the squares of the other two sides ^ minus twice 
the product of those sides into the cosine of their included 
angle. 



FIG. 43. 



FIG 44. 




Through c in the triangle abc 
(Figs. 43, 44, and 45) draw PC 
perpendicular to c. In each fig- 
ure, then. 
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[69] Hk 



but PB = PA + AB = — AP -|- 6* (y. § 3, d,) 

.•.PB^=AP^ — 2apc-|-cS 

.*. a^=iYC^-\-AY^-\-c^ — 2apc, 

but cos A = -r-, 



.'. AP = 6cos A, and Yc'^-\-A.v^=ih^, 

.'. a^ = 6^-j-c^ — 2 6ccosA, 

and in like manner 

h^:=c^-\-a^ — 2cacosB, 

Corollary. Formula for the diagonal of a parallelo- 
gram. 

Let w denote an angle of a parallelogram, m and n its 
sides, d the diagonal which divides w^ and w^ the supple- 
ment of w. 

B}' constructing a proper figure it can be readil}^ seen 
that d, m, and n form a triangle in which the angle 
included by m and n\&w^. 

.-. by[69],— 

d^ = m^-\'n^ — 2mncosWi; 
but since w and w^ are supplements, we have, — 

coswi = — cos w; 
.-. d^ = m^-\-n^-\-2mncosw. [70] 

§ 74. Formula for the side of a triangle in terms of the 
cosines of the adjacent angles and the other tvk> sides. 
From Figs. 43-45, it is evident that, — 

a = 6 cos C-\-c cos B, 

6 = ccosA-}-ctcosC, ' [71] 

c = a cos B -}-& cos A. 



CO 
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From [71] all the relations between the six parts of a 
triangle can be deduced b^^ algebraic transformations ; but 
the processes are somewhat longer than tliose given in the 
text. 



§ 75. Formulas for sine and cosine o/ J A, ^ B, and ^ C. 
From [69] we find 

cosA = ^-^t^- ^=by [27 III.] 1 — 2sin2iA, 



.-. 2sin2iA 



_ h^J\-c^ — a^ _ a^—h ^ — c^ + 2hc 
~ 2 be ~ ~~2be ' 



_ gg-C&g — 26c+c^) __ (a — b-j- e) (a -\-b — e) 
~ 2 be ~ "2 be 

put 2s = a4-^ + c, .'.a — b-\-c = 2 (s — b) 

and a-\-b — c = 2 (s — c) 

..^sm 2 A— ^X^ 



and in like manner 

j^ \{s — c){s — a) 



sin it B 



=+j 



Also, — 



..niC=+J('-=41 



ea 
—a)(s—b) 
b 



{72] #. 



52 I g2 ^2 

cosA = — -Ll^ =by[27II.]2cosHA 



-1, 



♦ A, B, and C are less than 180°, and J A, i B, and i C are less 
tbtn 90°: we must then give the + sign to the radicals. 
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3^ ^_ b^-]-c^ — a^-\^2bc __( b-\-cy—a^ 

• * • cos * A — . , — . _ 9 

^ 46c 46c 



(b -\- c -\- a) {b -\- c — a) 2s2 (s — a) s (s — a) 

46c 46c 6c 



.•. cos^ A 
and in like manner 



cos^B 



cos^C 



• 1 8 {s — a) 
"T"^ 6c ' 

\s {s-b) 
^^" ca ' 

\s ( s — c) 
■"^^ ab ' 



[73] 



Since the sine of an angle and the sine of its supple- 
ment are the same (y, [8]), whenever all that is given 
concerning an angle is the value of its sine, the angle 
may have either of two supplementar}^ values. The 
ambiguit}' thus arising in the use of [72] is, however, 
removed by the consideration, that, since A, B, and C, 
being angles of a triangle, are each less than 180°, ^ A, 
^ B, and ^ C are each less than 90°. . 



§ 76. Formulas for tan ^ A, tan \ B, and tan ^ C, in 
terms of s^ a, 6, and c. 



By [2], [72], and [73] — 



tan^ A 



sin ^ A 
cos^ A 



J 
1 



(s-b){s-c) 

be 

s (s — a) 

~b~c~ 



•v.inotep. 75. 
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., taniA = +' | (^-/')(«-<') 



and in like manner 



tan^B 



^^ \(s — c)(s — a) 



+J^ 



6) 



taniC = + | («-;)(^ -6) 
* ' -V s (s — 



c) 



[74] 



/ 



^ 



§ 77. Formulas for the area of a triangle^ in terms of 
two sides and the included angle ; in terms of one side aud 
the adjacent angles; and in terms ofs and the three sides. 



FIG. 46. 




but 



From geometry we know that 
a the area of a triangle is half the 
product of its base by its alti- 
tude. 

.-. areaof ABG (Fig. 46)=^pc, 

P 



sinA = 7 .\p=^hs'inA, 





.*. denoting the area by K we have, — 



By [67],- 



K = ^ 6 c sin A. 



a sm B , a sin C 

b = —, — :-, and c = - 7 — ;-. 
sin A sm A 



[75] 



Substituting these values in [75], and noting that, 
since A = 180° — (B + C ), sin A = sin (B + C), we 

get, — 

, a ^ sin B sin C sin A , a ^ sin B sin C j.^^-. 



sin^ A 



sin(B + C) • 



* V. note p. 75. 
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By[26],— 

sin A == 2 sin ^ A cos ^ A. 
.*. substituting in [75] we get, — 

K = ^6c2sin^A cos ^ A. 
.-.by [72] and [73],— 

^ — h. \ is — b)(8 — c){8 — a)8 



= 6cJ 



bc' be 
=Vs (s — a)(s — b){s — c) 



[77] 



§ 78. Formula for the area of a triangle^ in terms of s 
and r (the radius of the inscribed circle). 



Let o ( Fig. 47 ) be , 
the centre of tlie in- 
scribed circle; then each 
of the lines ol, cm, and 
ON, perpendicular to a, 
6, and c respectively, 
will be equal to r. 



Now, the triangle 
ABC = BOG + COA + AOB =z^ar-\-^b r + i c r. 

.-. K = i(a + 6 + c)r=sr [78] 

§ 79. Formula for the radius of the inscribed circle^ in 
terms of s, a, 6, and c; and in terms of /?, A, B, and C. 

By [78] and [77],— 

— a){s — b){s — c) 




= K^ \ is-a: 



8 



[79] 
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From [79] and [74] we get, — 



r = s tan ^ A tan ^ B tan ^ C. 



[80] 



§ 80. Formulas for tan ^ A, tan ^ B, and tan ^ C, in 
terms of r, s, a, 6, and c. 

Dividing both sides of [79] by s — a, we get, — 



r \{s — h){s — 

8 — a \ s(8 — a) 



0) 



.-. by[74],- 



tan^ A = 



8 — a 



and in like manner 



tan i B = 
tan i C = 



8 — b 
r 

8 — c J 



[81] 



§ 81. Formulas for the perpendiculars Pat Pht ^^^ Pet 
from the angles upon the sides a, 6, and c respectively. 



be 
Pa 6 sin C c sin B by [67] — sin A 

a 




.•.by[75]i)„_ — 




like manner 


' [82 


2K 




2K 

P' c 1 

1 






^ 


-> 
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§ 82. Formidas for radius of circumscribed circle (R) , 
in terms of a side and the opposite angle; and in terms of 
K, a, 6, and c. 

In Fig. 48 draw the radius od perpendicular to bc; 
therefore by geometry, — 

FIG. 48. 




and 



EB=:^CB = ^a, 

arc DB = ^ arc cb ; 
. the angle dob = A. 



. CSC DOB = CSC A = 



By [75],- 



. R = ^acscA. 



R^ 



[83] 



sin A = , — 



2K 

he 



CSC A 

. ^, ^ ah c 

.by[83]R=^- 



.'. cscA = 



hc^ 
2K 



[84] 



Note. — In each set of formulas numbered 67, 69, 71, 72, 73, 74, and 
82, the first is perfectly general: from it, therefore, 
the other two can be obtained by direct substi- 
tution. The work of substitution is made easier 
by the following rule: Given the first in each set, 
the others are obtained by advancing the letters; 
that is, by substituting for each letter of the equa- 
tion the next letter in the fixed order indicated by 
the figure in the margin. In this manner, the sec- 
ond of [74], for example, can be obtained from the first, and then 
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§ 83. Solution of oblique triangles. 

" We may remark here, that when an angle of a triangle 
is determined from its cosine, versed sine, tangent, cotan- 
gent, or secant, no uncertainty can exist about the angle, 
because only one angle exists less than 180° for which any 
of these functions has an assigned value. But when an 
angle of a triangle is determined from its sine or cosecant, 
uncertainty may exist, since there are two angles less than 
180° which have a given sine or a given cosecant." — 
Toclhunter. 

There is, however, no uncertainty in the case of right 
triangles, because each angle, except the right angle, is 
acute 

According to the methods of solution which we shall 
adopt, there is only one case of oblique triangles where 
there can be any uncertainty in the angle : this case will 
be fully discussed hereafter (v. Case II. § 85). 

§ 84. Case I. Given two . angles and a side^ — A, B, 
and a . Jind (7, 6, and c. 

A + B + C = 180°, .-. C = 180°— (A + B). 



the third from the second, and the first again from the third. In 
like manner, the second may be obtained from the third, the first 
from the second, and the third from the first, by moving the letters 
back. 

By the above rule, we can get from [75], — 

K = ^ c a sin B, 
and K =; J a 6 sin C. 

Also from [83] we can get, — 

B = I & CSC B, 
and B=s|cc8oG. 
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By [671, 

a b c _ asinB . ^ ^ 

= - — n = - — j^^ .'.0=—. -. = a Sin B CSC A, 



sin A sin B sin C sin A 

, * a sin C . .n, . 

and c = — : — 7-z=:asinCc8cA ; 

sm A 

.'. log b = log a -f- log sin B -|- 1(^ esc A, 

and log c = log a -|- log sin C -j- log esc A. 

Example I. 

Given A = 36 ° 56', B = 72 ° 6', a = 36.74 

log CSC A = 0.2212 log esc A = 0.2212 
log sin B = 9.9784 log sin C = 9.9756 
log a =1.5652 log a =1.5652 



log 6 =1.7648 logc =1.7620 
b =58.19 c =57.81 

A + B=109° 2' 180°— (A + B)=C = 70°58' 

• Example II, 

Given a = 0.3578, B = 32° 41', C = 47° 54'.- 

Answers. 

A = 99° 25', 6=0.1959, c = 0.2691. 







§ 85. Case II. Given two sides and an angle opposite 
one ofthem^ — a, 6, and A: Jind c, B, and C. 

It has already been stated (§63), that, in general, a tri- 
angle can be solved when any three of its parts are given, 
provided one of the given parts is a side. It will now be 
shown, that, in the present case, the given parts can be so 
related to one another, that two different triangles can be 
obtained from them, that a single triangle can be obtained 
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from them, and that no triangle can be obtained from 
them. 

Suppose A to be less than 90°. 

(1.) Make A (Fig. 49) equal to the given angle, and b 
equal to one of the given pj^ ^^ 

sides. From c as a centre, c 

with a (the other given ^ 

side) as a radius, describe 
an arc. If a is sufficiently 
large, and at the same 
time less than 6, our arc ^ 
will cut AB in tv/o points, b and b', both on the same side 
of A, and we shall have two triangles, abc, ab'c, each of 
which will satisfy the conditions. , 

(2.) If a is / 

^ ' FIR. 50. / 

equal to or 
gi-eater than 6, 
there will be 
only one trian- 
gle which will 
satisfy the con- 
ditions (v. Fig. 50). 

(3.) If a is just equal to the perpendicular let fall from 
c to AB (Fig. 51), then the arc will fig. 51. 

cut the line ab in only one point, b, 
and we shall have only one triangle, 
namely, the right triangle abc. 

(4.) If a is less than bo (Fig. 50), then the arc does 
not cut the line ab, and there is therefore no triangle 
which will satisfy the conditions. 

The length of the perpendicular bc (v. Fig. 51) is evi- 
dently b sin A. 
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The student will note that when there are two solutions 
(v. Fig. 49) , we have, — 

cb'a = 180° — bb'c = 180°— CBA ; 

i.e., the two values of B are supplements. 

When there is only one solution (Figs. 50 and 51), B 
cannot be greater than 90°. 

Collecting the results of our discussion, we have, when 
A is acute, — 

Two solutions, when a < 6, and a > 6 sin A, ^ 

One solution, when a = 6, or a > 6, or a = 6 sin A, > [85] 

No solution, when a < 6 sin A. 

'''G- 52. When A = 90°, or 

A > 90°, we can never 

have two solutions, as 

l\ ^^->^ can readil}^ be seen from 

Fig. 52 ; and there will 
►g be no solution when 

a < 6, or a = b. 

In the present case, we have given, as has already been 
stated, a, 6, and A. 




By [67], 



a 



sin A sin B sin C ' 



.'. sin B=: 



b sin A 



a 



c= 



.•. log sin B = log b -|- log sin A -|- colog a, 

C=180°— (A + B). 

a sin C 
g^P^ ••• log c = log a + log sin C -f log esc A. 
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Example L Given A = 32° 43', a = 988.1, b = 672.3. 
A is acute, and a'> b; therefore, by [85], we shall have 
only one solution, and B must be acute. 

log b = 2.8276 log a = 2.9948 

log sin A = 9.7328 log sin C = 9.9096 

colog a = 7.0052 log esc A = 0.2672 

log sin B = 9.5656 log c= 3.1716 

c = 1484 
B = 21° 35', 180° — (A + B) = C = 125° 42' 

Example II. Given A = 48° 34, a = 46.24, & = 60.02. 
A is acute, a < 6, and a> b sin A ; therefore, by [85], 
we shall have two solutions ; and the two values of B 
(B and B') will be supplements of each other. 

colog a = 8.3350 B = 76° 43' 

log b = 1.7783 B'= 103° 17 

log sin A = 9.8749 C = 54° 43' 

log sin B = 9.9882 C'= 28° 9' 

log a = 1.6650 log a = 1.6650 

log sin C = 9.9119 log sin C = 9.6738 

log CSC A = 0.1251 log CSC A = 0.1251 

log c = 1 . 7020 log (/ = 1 .4639 

c = 50.35 (/ = 29.10 

Example HI. 

Given a = 49.00, c = 31.24, C = 32° 18'. 

Answers. 

A = 56° 55', B = 90° 47', 6 = 58 47, 
A'= 123° 05', B' = 24° 37', 6' = 24.36. 
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§ 86. Case II. Second method. 
Given a, b and A ; find c, B and C. 

When a is only a little lai^et 
than p (b sin A) , the angles B 
and B' will differ little from 90°, 
and cannot, therefore, be deter- 
mined with accuracy from their 
sines ( v. § 62 ) . In this case, 
the following method will give 
more accurate results: b and 
A being given, we can, by § 69, 
solve the right triangle adc 
(Fig. 53), and find ad and p. 
Now, a and/) being known, we 
can, by § 68, solve the triangle 
BDC, or its equal, b'do, and find the angles B and bcd 
[= b'cd], and the side db. 

From the above, we can find the required parts of the 
triangles abc and ab'c, for 

C = AD -|- DB, C' = ad b'd, 

C = ACD + dob := 90° — A + dob, 
C'= ACD — DOB [= b'cd] 

As has been stated before, when b and b' fall on oppo- 
site sides of the point a, there will be only one solution ; 
i.e., when b'd > ad, or when c' is negative. 

Example. Given A = 85° 2', a = 1076, b = 1078. A 
is acute, ^ < 6, and a > 6 sin A: therefore, by [85], 
there are two solutions : — 

1st, Solve, by § 69, the right triangle adc (Fig. 53) 

log sin A = 9.9984 log cos A = 8.9374 

log 6 = 3.0327 log 6 = 3.0327 

logp = 3.0311 log AD = 1.9701 

j9 = 1074 AD = 93.35 

ACD = 90 — A = 4°58' 
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2d, Solve, by § 68, the right triangle bdc. 
Substituting, in \^GG^ , we get, — 



sm i DCB = -T — 

^ \ 2a 



log (a-— i))= 0.3010 

a—p= 2. log (a +p) =3.3324 

a+i) = 2150. 2 1 3.6334 



2 a = 2152. log bd = 1.8167 

BD = 65.57 
log (a —p) = 0.3010 
colog 2 a = 6.6671 

2 [16.968T 

log sin ^ DOB = 8.4840 
i DCB = 1° 45' 
DOB = 3° 30' = dob' 

From the above we get — 

acb'=1° 28' c'= 27.77 

ACB=8°28' c= 158.9 

P 

§ 87. Case III. Given two sides and the included 
angle a, 6, and C. 

A + B = 180°— C. 

By [68] we have 

a + 6 _ tan^ (A + B) 
a — 6""tani(A — B)' 

.-. (a + 6) tani(A — B) = (a— 6)tani(A + B), 

.-. tan^(A — B)="^|tanHA + B), 

.-. log tan i (A— B)= log (a — 6)+ log tan ^ (A+B) 

-f colog (a -[- 6) . 
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We now have ^ (A + B) and ^ (A — B). 
But i (A — B) +i (A + B) =A, 

and i (A + B) — ^ (A — B) =B. 

We now have to obtain c, which we do as in Cases I. 
and II. 

By [67],- 

a c a sin C 



.-. c = 



sm A sin C sin A 

.•. log c = log a -\- log sin C -\- log esc A. 

Example I. 

Given a = 48. 72, 6 = 3.984,0 = 68° 34'. 
A + B = 180 — C = lir 26', 
i (A + B) =55° 43: 

a + 6 = 52.704 colog (a + 6) = 8.2782 

a — 6 = 44.736 log (a — 6)= 1.6506 

log tan ^ (A + B) = 0.1664 

log a = 1.6877 log tan ^ (A — B) == 0.0952 

log sin C = 9.9689 i (A — B) = 51° 14' 

log CSC A = 0.0193 l(A + B)= 55° 43' 
log c = 1 .6759 A = 106° 57^ 

c= 47.41 (v. note). B= 4° 29' 

Example IL Given a =7.942, 6 = 9.998, C = 72° 9'. 
A + B = 180° — C = 107° 51', 
i (A + B) =53° 55'.5. 

Note. — c might have been obtained directly from the given parts 
by the formula c2 = a2-|-62 — 2 ah cos C; but the above method 
is to be preferred, since the formula there used is adapted to loga- 
rithmic computation. 
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a + 6= 17.94 colog(a + 6)=8.7461 

a — 6 = — 2.056 log (a — 6) =0.3131 n 

log a = 0.8999 log tan ^ ( A + B) =0. 1376 

log sin C = 9.9786 log tan ^ (A — B) =9.1968 w 

logcscA = 0J507 i(A — B)= — 8° 56'.8 

log c = 1 .0292 i ( A + B) = 53° 55'.5 

c= 10.70 A = 44° 58'.7 

B = 62° 52'.3 

In solving a triangle like the above, negative quantities 
can be avoided, if use is made of the following foim 
of 1682,— 

6 + a __ tan ^ (B -f A) 
• b — a~ tein f(B^-^y 

Example III. 

Given a = 6.239, 6 = 2.348, C = 110°32'. 
Answers. A = 52° 10', B = 17° 18', c = 7.398. / P> 

9 ^ 

§ 88. Case IV. Given the three sides a, 6, and c. 

s = i(a + 6 + c). 

We can use here either [72], [73], [74], or [81] ; but 
[74] or [81] are to be preferred, since, by their use, accu- 
rate results can be obtained for all values of the angles 
sought (v. § 62). 

We will first use' [74] which is, — 



taniA = + l («-^')(^-c) , 
^ ' \j s{s — a) 

' \ s(s — b) 
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.•.logtaniA = i[log(« — 6)-|-log(« — c) 

-|- colog s -f-colog (s — a)]. 

log tan^B = ^ [log (s — c) +log (s — a) 

-\- colog s -|- colog (s — 6)] . 

log tan i C = ^log (s — a) + log (« — 6) 

4~ colog s + colog (s — c)]. 

Any two angles having been found, it is evident that 
the third can be found from the equation, 

A-|-B + C = 180°. 

It is better, however, to find each angle independently, 
and then to use the above equation to test the* accuracy of 
the work. 

Example. Given a = 0.0886, 6 = 0.1642, c = 0.1022. 

2 8= 0.3550 

8= 0.1775 log«= 1.2492 

s — a= 0.0889 log(s— .a)= 2.9489 

8—b= 0.0133 \og{8 — b)= 2.1239 

8 — c= 0.0753 log(s — c)= 2.8768 

log(8 — b)= 2.1239 log(s — c)= 2.8768 

log (s — c) = 2.8768 log (s — a) = 2.9489 

colog 8 = 10.7508 colog s = 10.7508 

colog (s — a) =11.0511 colog (s— 6) = 11.8761 



2 18.8026 2 20.4526 



logtaniA= 9.4013 logtaniB= 0.2263 

iA = 14°9' iJB = 59°18 

A = 28° 18' B = 118°36' 
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log(s — a)= 2.9489 

log(s — d)= 2.1239 

colog 5 = 10.7508 

colog(5 — c)= 11.1232 



2 18.9468 



logtaD^C= I 9.4734 

iC = 16°34' 
C = 33° 8'. 

Check. A + B + C = 180° 02' (v. note) . 

§ 89. We will now solve the problem by [81], which 
is well adapted to logarithmic computation when all the 
angles are required. 

By [81],- 

log tan i A = log r -|- colog (5 — a), 
log tan ^ B = log r -[- colog {s — 6) , 
log tan ^ C = log r -\- colog (s — c) . 

By[79],- 

logr=i[log(5— a)+log(s— 6)+log(s— c)+cologs]. 

Example I. Givena = 409, ?>=:241, c=182. 

s = 416 colog sz= 7.3809 

s— a= 7 log (s — a) =0.8451 

s — 6 = 1 75 log (s — 6) = 2.2430 

« — c = 234 log (s — c) = 2.3692 

2 I 2.8382 



I 



logr=: 1.4191 
log tan i A = 0.5740 ^A = 75°4' 

logtaniB = 9.1761 iB=8°32' 

log tan i C = 9.0499 i C = 6° 24' 

Note. — If the error (v. § 62) does not exceed 2^, the work is 
probably correct. 
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A = 150° 8', B = 17° 4', C = 12° 48'. 
Check. A + B + = 180°. 

The formulas used in § § 88 and 89 were selected be- 
cause they were adapted to logarithmic computation. 
It is possible^ however, to solve the problem by [69], 

Example 11. 

Given a =17.865, 6 = 13.349, c = 11.111. 

Answers. 

A = 93° 23', B = 48° 14', C = 38° 23'. ■-^ 



EXAMPLES. . 

i. Given A = 37° 12' B = 123° T a =.0841 solve. 

• -^ 2:' ' ''' A = 18° 17' B = 94° 9' b =8400 

3. '^ B = 160° 19' C = JO°0' b =9.006 

^4. '' B=85°18' C = 4°42' c=l 

'A, ^' a =583.1 6=503.7 A = 78°13' 

,\\, " a =.0008 i|=.0007 B=40°16' 

7. " a =18.91 6=9.846 A = 9°19' 

\.S. " b =1781 c =982.7 B = 123°16' 

. ,'9. >' 6=81.04 c =98.76 B=24°18' 

MSi. '"a =78.91 6=6.8.73 C=98°17' 

, lU '^ c =16.70 a = 14.39 Bi=16°16' 

■12.. '' a =17.28 6=9.861 c =23.01 

VJ3. '■' a =8.067 6=1.76 c =7.001 

14. "^ a =8.981 6=10.08 B=120°8' 

, 15^. Consider each of the following triangles, and deter- 
' mine whether it is possible, or impossible ; if possible, 
. whether it has one, two, or more solutions. Give in fWl' 
I the reasons for your conclusions. 
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(1.) A=81°59'32" B = 44°33'12" = 53** 27' 16" 
(2.) A=38*' 36^ B = 56^ 27' C = 84° 12'. 

(3.) a = 121 6 = 115.36 B = 94° 15'. 

(4.) A=30° 6 = 175.2'' a = 150. 

(5.) A=30'' 6 = 175.2 a = 87.6. 

(6.) a = 34.?7 6=27.34 c =62.18. \ 

-^16. Each of two ships, half a mile apart, finds the 
angles subtended by the other ship and a fort to be 
respectively 85° 15' and 83° 46' : fiml the distance of each 
from the fort. 

17. From a station, B, at the base of a mountain,' its 
summit A is seen at^an elevation of 60°; after walking 
one mile towards the summit, up a plane making an angle 
of 30° with the horizon, to another station, C, the angle 
BCA is observed to be 135° : find the height of the moun- 
tain in yards. 

18. From a window in tlie same horizontal plane with 
the bottom of a steeple, the angle of elevation of the top 
of the steeple is 40° ; and from another window, 18 feet 
directly above the fonner, the angle of elevation is 37° 30' : 
find the height and distance of the steeple. 

" 19. Two men standing at the same point, C, observe, the 
horizontal angle subtended bj^ the line joining twoinac-. 
cessible objects, A and B ; the}- then move awa}-, one in 
the direction AC to D, the other in the direction BC lb E, 
' until each observes the horizontal hu^Aq to be half what it 
was before : determine the distance AB when ACB = 30°, 
CD = 100, CE = 200. 

20. To determine tlie distance between two inaccessible 

objects, A and B, a person measures the distance betw^n 

any two points, C and D, in the same plane with A and B : 

at C he observes the. angles DC A and ACB ; and at D, 

• the angles ADB and BDC : determine the distanc€}' AB 

' when CD =100 feet, DCA=40°, ACB=30°,BDQ=^Q°. 
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^1, Given B, a, and the area : solve the triangle. 

22( The length of a road in which the ascent is 1 foot 
in 5, from the foot of the hill to the top is a mile and two- 
thirds. What will be the length of a zigzag road in which 
the ascent is 1 foot in 12? 
, 23. Given a = 24, 6 = 30, c=18 : find the area. 

24. Two angles of a triangle are 10^ and 45°, and the 
included side is 10 feet : find the area. 

'^25. Two sides of a triangle are equal to 3 and 12, and 
the included angle is 30"^ : find the hypothenuse of an 
equivalent right isosceles triangle. 

26. The diagonals of a quadrilateral are in length a and 
6, and intersect at an angle A : prove area=^a 5 sin A. 

27. Having measured a base line of 400 yards, whose 
upper end was 24 feet higher th£h the lower one, in the 
sam^ vertical plane with the top of a hill, I found the 
angles of elevation of the top of the hill from the lower 
and upper enrfs of the base line to be 5® 17' and 3° 17' re- 
spectively" : find the height of the hill. 

y>* 28. Being at sea, we saw two headlands, of which one 
/bore S.W. by W., and the other W. by N. The chart 
j showed that the first headland bore S.£. firom the secoifd, 
1 and was distant from it 23.25 miles. Find 'our ^distances 
Y from both headlands. Ans. 18.27 miles ; 32.25 miles. 
^^ 29. Two ships sail from the same port, the one S.W. 30 
; miles, and the other S.E. by S. 40 miles. Find the bear ' 
\ ing and distance of the second ship from the first 
^ . Ans. S. 74° 30' E. ; 45.08 mUes. 

*' 30. An observer from a ship saw two headlands; the 
/ first bearing N.E. by E., and the second N.W. After he 
had sailed N.N.W. 10.25 miles, the first headland bore 
: E. by N., and the second W.N.W. Find the bearing and 
\ distance of the first headland from the second. 

Ans. N. 88° 02' E., or nearly due east; 35.25 miles. 
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31. An observer saw two headlands; the first bearing 
S.E., the second E.S.E. After sailing E. by N. iO miles, 
he saw the first bearing S. by E., and the second S.E. by 
S. Find the bearing and distance of the first headland 
fix)m the second. Ans. S.S.W. 6.89 miles. 

w 32. At one station the bearing of a cloud is N.N.W., 
and its angle of elevation 50° 35'. At a second station, 
bearing from the first N. by E., and distant 1 mile, the 
bearing of the cloud is W. by N. Find the height of the 
cloud, and its distance from each station. 

Ans. 7727 feet ; 10002 feet ; 8494. 
' 33. In the midst of a level plain, which is crossed by a 
straight road, stands a tower 250 feet high. An obser\'er 
at the top of the tower sees an object which moves on the 
"""road. At first it bears N.N.W., and its angle of depres- 
sion is 16** 08^ ; five minutes later it bears E. by S.,'and 
its angle of depression is 32° 18\ Find the direction of 
the road, its distance firom the tower, and the rate at 
which the object is moving. 

Ans. S.E. ^ S. ; 250.9 feet ; 2.575 miles per hour. 
^34. Given: a =12.84 chains, 6=17.97 chains, C = 
135°.04. 

To be CQmputed : Area=: 7.832 acres = 7 acres, 3 roods, 
13 rods. 

35. Given : a = 1 7.95 chains, B = 100°, C = 70°. 

To be computed : Area = 85.90 acres = 85 acres, 

3 roods, 24 rods. 

36. Given: a = 45.56 chains, 5 = 52.98 chains, c = 
61.22 chains. 

To be computed : Area = 117.3 acres = 117 acres, 
1 .2 roods. 

37. Given: a = 32.56 chains, 6 = 57.84 chains, c= 
44.44 chains. 

• To be computed: Area = 71.93 acres = 11 %rx«^ 

4 roods, 29 rods. 
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88. Prove that tlie results contained in [85] § Sfl are 
correct by the aid of the following principles : — 

3inB = ^^i^,A + B + C=180% 

and, in any uiangle, the greater aide is opposite the 
greater angle. 
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§ L The triangle of reference can be formed as stated 
in § 22, and also by dropping a perpendicular from any 
point of the terminal line on the axis y'y. Thus in Fig. 
2^ (§4, Ap.) , we may take oc'b' as a triangle of reference 
for xop', and we then have x=z(/b\ y = oc', r = OB'; so 
that X is negative, and y and r positive. So for xop"', in 
the same figure, we may take x = o'"b'", y = oc"' 



r = OB'". 



§ 2. To find the functions ofqi±k 360°, wJiere k is any 
integer. 

Let (p be any value of an angle xop in any quadrant 
(Fig. 2^, § 4, Ap.). If any multiple of 360° be added 
to or subtracted from g), the result is also a value of 
the angle xop (v. § 18) ; and the triangle of reference 
for gj is also a triangle of reference for g? ± A; 360°. 
Hence the values of all the trigonometric functions arc 
the same, both in numerical value and in sign, for g) and 
(f ± k 360°, that is, for any value of an angle xop. 

This property of the trigonometric functions is some- 
times expressed by saying that they are periodic functions, 
admitting the period 360° , or 2 n. We shall i^^^ ^y«««sjl^1^v 
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that the tangent and -cotangent admit the simpler period, 
180°, or 7t 

§ 3. To find the functions of — qp. 
Let cp be any vahie of an angle in any quadrant, as xop, 
FIG. lA. xop', xop", or xop'" 

(Fig. 1a). Then will 
— g) be a value of the 
angle xop'", xop", 
xop', or XOP. From 
an}' point of the 
terminal line of g), as 
-X B, b', b", or b"', drop 
a perpendicular on 
the initial line, and 
produce it to meet the 
terminal line of — q) 
at b'", b", b', or b. 
We thus form tri- 
sf^ angles of reference 
for q) and — g) ; and, in the two triangles thus formed, 
the bases and hypothenuses are equal in numerical value 
and in sign, while the perpendiculars are numerically 
equal, but opposite in sign. Hence all the trigonometric 
functions of g) and — g) are numerically equal ; but those 
functions into which the perpendicular enters are opiX)site 
in sign. That is, 

sin ( — gj) = — sin g), esc ( — g?) = — esc gj, | 

cos ( — g)) = cosg), sec ( — g^) = secg), ^ [1a] 

tan ( — g)) = — tang?, ctn ( — g^) = — ctng). 




§ 4. To find the functions o/ 90° -j- g). 
Let g) be any value of an angle in any quadrant, as 
XOP, xop', xop", or xop"', in Fig. 2a, where pop', p'op", 
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f"op'", 



and p'"op are positive right angles. If 90° be 

added to any of 
these angles, it is 
converted into the 
next following angle 
of the series ; and 
its triangle of ref- 
erence is turned 
through a positive 
right angle (v. § 1, 
Ap. ) . Now , by vir- 
tue of this rotation, 
the base of the tri- 
angle of reference 
of gj becomes the 
perpendicular of the 
triangle of reference of 90°-|-()p, and does not change its 
sign ; but the perpendicular of the triangle of (p becomes 
the base of the triangle of 90° -f- ^P^ and is reversed in 
sign; while the hypothenuse remains unchanged. That 
is, oc becomes oc', oV becomes c'V, &c., ob becomes 
c'b', oc' becomes oc", &c ; or we may write — 

base = perp' = — base" = — perp'" = base^, 
perp = — base' = — perp" = base'" = perp^. 

Hence, for each value of qp, — 

perp , — base 

sin g) = ^-— ^ becomes 




cos 



hyp 
base 



h}T 



= _-cos(90° + g)); 



op = becomes t— ^ = si^ (90° + op) , &c. 

hyp hyp 



Thus we have, — 

sin (90°+ qp) = cos qp, esc (90°+ cf) = sec (]p, 

cos (90°+ qp) = — sin qp, sec (90°+ qp) = — esc qo, 

tan (90°+ qp) = — ctnqp, ctn (90°+ qp) = — tanqp. 



[^a] 



\«^^Ul 
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§ 5. To find the functions of 90° — gp and cp — 90°. 

Since formulas [2^] are true for any angle g), we may 
substitute — qp for qp in those formulas. 



Thus we have, hy [1a] i 

sin (90° — qp) = cos 
cos (90° — (jp) = — sin 
tan(90°— g))=-— ctn 
ctn(90°— ()p) = — tan 
sec (90° — <p) = — CSC 
CSC (90°— qp) = sec 



qp) 

f) 
cp) 

g,) 

■qp) 



:cosqp, 
: sin qp, 
: ctn qp, 
:tan qr, 
: CSC qp, 
: sec qp. 



[3a] 



Again : putting 90° — qp for qp in [1a]i or qp — 90° for 
- qp, we have, — 



sin (qp 
cos (qp 
tan (qp 
ctn (qp 
sec (qp 
CSC (qp 



90°) = 
90°) = 
90°) = 
90°) = 
90°) = 
90°) = 



— cos qr, 
sin qp, 

— ctn qp, 

— tan qp, 
CSC qp, 

— sec qp. 



[4a] 



The angles qp and 90° — qp are complements of each 
other: therefore, from [3^], we see that 

The cos of any angle is its complement's sin, 
The CSC of any angle is its complement's sec, 
The ctn of any angle is its complement's tan. 



§ 6. To find the functions of k 90° ± qp, when k is any 
integer, positive or negative. 

The solution of this problem requires only the repealed 
use of [2^], [3a], and [4^]. 
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Thus, putting 90° -|" ^ ^^^ T' i" [^a]» we have, — 

sin (180°+ (r)= cos (90° + (r) = — sing>/ 

cos (180°+ ^)= — sin (90° + 7^) = — cos qp, - [5^] 

tan (180°+ gj) = — ctn (90° + (]p) = tan (jp. 

and the reciprocals of these results are the esc, sec, and 
ctn of (180° + g)). We see by these formulas, that the 
tangent and cotangent admit the period 180°, or n {v. § 2, 

Ap.). 

Putting 180° + qp for g), in [2^], we have again, by 

sin (270° + gj) = cos (180° + g)) = — cos (yj, 

cos (270° + g)) = — sin (180° + gj) = sin g), ► [6^] 

tan (270° + g)) = — ctn (180° + gj) = — ctn g). 

a 

Putting 270° + g) for g), in [2^], we have the functions 
of 360° + g', which we have already shown, in § 2 Ap., 
to be equal to the functions of g). 

Putting 90° — g) for g), in [2^], we have, by [3a],— 

sin (180° — g)) = cos (90^ — g") = sin g), 
cos(180° — g))= — sin(90° — g))= — cosg), - [7^] 
tan (180° — g)) = — ctn (90° — g)) = — tan g). J 

Putting 180° — g) for g), in [2^], we have by [7^], — 

sin (270° — gj) = cos (180° — g)) = — cos g?, 
' cos (270° — g)) = — sin (180° — gj) = — sin g), ► [8^] 
tan (270° — g)) = — ctn (180° — g)) = ctn g;. J 

Putting 270° — 9 for g), in [2^], we have the functions 
of 360° — gj, which, by § 2, Ap., are equal to the ftinc- 
tions of — g). 

Putting g) — 90° for g), in [4^], we have, — 

sin (g^ — 180°) = — cos (g) — 90°) = — sin gj, 

cos (g? — 180°) = sin (g? — 90°) = — cos g), [9^] 

tan ('p ^ 180°) = — ctn (cp — 90°) = tan g^. J 
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Patting cp — ISO"* for 9, in [4^], we have, by [9^], — 

«in (ip — 270'') = — cos (qp — 180°) = cos 9, 

cos (qp — 270°) = sin (qp — 180°) = — sin qp, - [lO^j 

tan(g) — 270°)= — ctn (9 — 180°) = — ctnqp. J 

Putting qf — 270° for gi, in [4^], we have the functions 
of g) — 860°, which, by § 2 Ap., are equal to those of (p. 

The student should now read the remarks at the end of 
f 88. 



L 
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COLLECTION OF FORMULAS. 



AND OTHER USEFUL MATTER, FOR EAST REFERENCS. 

8 

§ 6. Circ. meas. of angle 6=-. 

T 



§9. 



fl. 



§10. 



1°= -1^=0.01746829 

1'= ^ =0.00029089 

1"= ^ =0.00000485 



360° = 2 « 

180°= 71 

90° = i«f 

45° = J ff 

57°.2957795 = angular unit 

§9. J ajX57°.296.. = a; 

a;°=a;X 0.01745... 

§16. XOP = XOB -f- BOT + TOP. 



na AOB = <p± A:860°. 
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124. 



§25. 



§26. 



S27. 



S2a 



OB 
OB 
00 
OB 
CB 
00 
OO 
CB 
OB 
OC 
OB 
CB 



y 

r 

X 

r 



Is called die Abbierlated lnt« 

perpendicular . « 



hypothenase 

base 
hypothenase 
y perpendicular 



9 



sm g. 



X 
X 



base 
base 



y perpendicular 



r 

X 

r 



h37)othenuse 
base 



cosine of qf cos qp 

tangent of g) 
cotangent of q) 
secant of qi 



tan 9 

ctn 9 



sec qp 



hypothenuse ^ ^ 

— :^^ r^ — i — cosecant of qp esc 9) 

y perpendicular 

In addition to the above 

1 — cos qp versed sine of qp vers q 



9 


sin 

+ 


cos 

+ 


tan 

+ 


ctn 


sec 

+ 


CSC 

+ 


1st quad 


2d quad 


+ 




— 


— 


— 


+ 


3d quad • 


— 


— 


+ 


+ 


— 




4th quad 


— 


+ 


• 




+ 





sinqp = 

cscg 

sinqp 
cosqr' 
oosqp 
sin qp 



cscqp 
1 



, cosqr-= 



sinqp 
tang> 

ctn qp 



, sec qp= 



secqp 

1 
cosqp^ 



tanqp = 



ctnqp = 



ctnqp' 

1 
tanqp' 



[1] 



sin * qr -f- cos * qp = 1 
sec * qp = 1 + tan * qp 
esc * qp = 1 4- ctn * 9 



[2] 
[3] 

L*] 
[5] 

[6] 
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§30. 



§31. 



^32. 



§33. 



§32. 



$33. 



sin qp = ^ chord 2 q) 

cp ±k 360**) = sin g) ) 
cp±k 360°) = cos g) ^ 

180° — (p)= sin cp ) 
180° — q}) = — COB (p) 

180°+g))= — sing)) 
180°-f 9')= — cosg).J 

360° — g)) = sin (— g) = 
360° — g) = cos (— (p) = 



sin 
cos 
sin 
cos 

sin 
cos 

sin 
cos 



sin 
cos 

CSC 

sec 
tan 
ctn 

sin 
cos 
sin 
cos 

sin 
cos 



^- g?) = cos (p ) 
— g)) = sin g) ^ 



\ 



90° — g) = sec 9 
90° — g) = cscg) 
90°— g)) =ctng) 
90°— g)) =tang) 

90°+g))= cosg)) 
90° 4- g?) = — sing)^ 

270° — 
270° 



— g)) = — cos g) } • 

— g)) == — sin q) j 



270°4-g)) = — cosg)} 
270° + q))= sin g) J 



sin 
cos 



w 

vS 



[7] 
18] 

[9] 

[10] 

[111 
[12] 



[12i] 



[IS] 
[14] 
[15] 



Formulas 8-15 are easil}' remembered, if we note 
that when g) is coupled with 0°, 180°, or k 360°, 
the functions of the angles thus formed, and those 
of g, are numerically the same; while when 9 is 
coupled with 90°, or 270°, the functions of the 
angles thus formed, and those of 9, are nvmericMy 
complementary. 

The algebraic sign is determined in each case by 
supposing g) to be acute, and then noticing to what 
quadrant the resulting angle belongs. 
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$43. 



Angle 
0° 


sin 



cos 
1 


tan 



ctn 


Bee 


1 
CSC 

00 


00 


1 


30° 


i 


iV3 


Vi 


V3 


2Vi 


2 


45° 


Vi 


Vi 


1 


1 


V2 


V2 


60° 


iV3 


i 


V3 


v* 


2 


2Vi 


90° 


1 





00 





00 


1 


120° 


iV3 


-i 


-Vs 


-Vi 


-2 


2V^ 


135° 


Vi 


-Vi 


— 1 


— 1 


-V2 


V2 


150° 


i 


iV3 


-v* 


V3 


-2V^ 


2 


180° 





1 





00 


— 1 


00 


270° 


— 1 





00 





00 


— 1 


860° 





1 





00 


1 


00 



[16] 



$44. 





sin. 


COS. 


tan. 


Ctn. 


sec. 


CSC. 


0° 


TO 


+ 1 


TO 


qioo 


+ 1 


=foo 


Istqu. 


inc. 


dec. 


inc. 


dec. 


inc. 


dec. 


90° 


+ 1 


± 


±« 


± 


±00 


+ 1 


2dqu. 


dec. 


dec. 


Inc. 


dec 


inc. 


inc. 


180° 


± 


— 1 


TO 


Too 


— 1 


±00 


Sdqu. 


dec. 


inc. 


inc. 


dec. 


dec. 


inc^ 


270° 


— 1 


TO 


±00 


± 


qpoo 


— 1 


4th qu. 


inc. 


inc. 


inc. 


dec. 


dec. 


dec 


860° 


TO 


+ 1 


TO 


=foo 


+ 1 


qPoo 

> 



[17] 



$46 



{sin (a ± ^) = sin a cos (i ± cos a sin § / f 18] 
cos (a ± /3) = cos a cos,'i ^F «in a sin |3 i ^ [19] 
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f4a 



§49. 



$S0. 



tan (a ± /3) = 
ctn (a ± fj) = 



tana ± tan^ 



1 7 tan a tan ^ 

ctn a ctn ^71 
ctn ^ ± ctn a 



sin (a -f- j5) tan a -f- tan ^ ctn j!i -f- ctn a 

sin (a — ^) tan a — tan^ ctn^ — ctn a 

cos (g + 13) 1 — tan a tan ^ ctnj? — tana 

cos (a — ^) 1 -f- tan a tan j!^ ctn ^ -f" ^^ "^ " 
sin (a -f- (^) sin (a — /i) = sin * a — sin * f^ ) 

= cos*^ — cos* a y 

cos (a + (S) cos (« — jS) =co8*a — sin*j5f 

= cos * p — sin * a 

sin 2 a = 2 sin a cos a 
cos2a = cos*a — sin^a (I.) 



tan 2 a = 



ctn 2 a = 



2 cos* a — 1 
1 — 2 sin* a 

2 tan a 
1 — ^tan*a 

ctn*a — 1 
2 ctn a 



(H.) 

(in.) 



V^ 



20]^ 



:2i] 



6^ 



22] 
23] 
24] 
;25] 
:26]t/ 

:27] 1/ 



;28] 



'291 



fSL 



sin - = V J (1 — cos a) 



a 
cos 2 

a 
tan- 



a 
ctn 2 



= Vi(l+"c08 a) 



=4 
-4 



1 — cos « 
1 4" cos a 

1 + cos a 
1 — cosa 



180] 
887 
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152. 



ctn2a=^(ctna — tana) 
C8C 2 a =i^ (taH a + ctn a) 
tan^€e = C8ca — etna 



^ 



ctn ^ a = CSC a 4- ctn a = — 

* ' CSC a — ctn a 

tan (45® + ^ a) = sec a -f* tan a. 

tan (45° — ^ a) = ctn (45° -j-^a) 

1 



= 8eca — tana = 



seca-|-tana 



§53. 



j sin (a -|- jii) + sin (a — (^) = 2 sin a cos ^ 
sin (a + 1^) — si" (*^ — i^) = 2 cos a sin |3 
cos (« 4" 1^) "f" ^s (« — i^) = 2 cos a cos ^ 
cos (a — f^) — cos (« 4" f^) = 2 sin a sin § 
sin a + sinf^=2 sin ^ (a-j-j^) cos^ (« — /!^) 
sin a — sin ^ = 2 cos ^ (« + (i) sin ^ (a — j3) 
cos a + cos |3= 2 cos i (a + ^) cos ^ (a — (i) 
cosf^ — C08a = 2 sin ^ (a + f^) sin ^ (a — ^) 

sin « + ^^" P* ^^" 2 (** "f" ^) 

sin a — sin fl tan ^ (a — 13) 

cos a — coqB . , ^v ^ 1/ ^v 

i ^ = -— tan*(a4-^)tani(a — ^) 

cos a -f cos j3 2 V I r/ 2 \ r/ 

sin a ± sin fi i / . ii\ 
= tan i {a ± p) 



f54 

155. 



cos a -|- cos ^ 

sin g T sin ^ 

cos^ — cosa 

sin a < a < tan a 

C08a> 1 — ^a* 



ctn i (a ± j3) 



'^^ Ie08a<l— ia«-4- Jja« 



[34] 
[35] 

[36] 

[37] 

[38J 

[89] 

[40] 
[41] 
[42] 
[43] 
[44] 
[45] 
[46] 
[47] 

[48] 
[49] 

:50] 

[51] 

[52] 
[59] 

[68] 
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S65. 



6=\/(c + a) (c — a) 
a = V(c + 6) (c — b) 



§6a siniA = J?^, siniB = J 



STL 



a 



2c 
b c 



c — a 
¥c" 



sin A sin B sin C 



872. <^ + ft_ tani(A + B) 
^'^ a — b~tan^{A — B) 

^g (♦a^ = 6«4-c« — 26ccosA 
' (d" = m^-f-n*-}"2 mn cos to 

§74. *a = 6cosC + ccosB 



§7& 



♦siniA = -h J 
♦cosiA = -f J 



be 

8 (8 — a) 
~bc 



§76. •taniA = + K^-^X^-"^) 



§77. 



* K = -1 6 c sin A 



♦ K — ^ - 



a ^ sin B sin C 



^ sin(B + C) 
K=Vs (s — a)(s — 6)(s — c) 

§78. K = 8r 



§79. 



— a) (s — 6) (8 — c) 



r = 5 tan ^ A tan i B tan ^ C 

r 



§80. *tan^A 



« — a 



:66] 



;66] 



69] — 

:70]o 

:71]^ 
72]— 



73]—^ 

74]^ 

75] 
76] o 

77; 
79]-^ 

;80]O 

:8i]^ 
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_, ^ a sin B sin C 2 K __ _ ^ 

^8L *pa = - V . -= [82] 

smA a *■ -" 



§82. 



S85. 



•R = iac8cA [83] 

Given A, a, 6 

A < 90** 
Two solutions when a < 6, and a >• ft sin A 
One solution when a = 6, or a >• ft, or a =r *> sm A 
No solution when a<b sin A 

A = 90^o^A>90*' 
Two solutions never 
No solution when a < 6, or a = & 

♦ t7. DOte, p. 80. 



AI^SWERS. 



2 



Page 40, Chap. II. 

25, Sin A= ^ -, cos B= — ^-. 

^ 1 — n^ m\l — n^ 

27, 2 sin ^ cos ^ = ; .-. ^ = 0° or 90^ 

Page 41, Chap. II. 

28. 60°. J^5>. 60^ ,5i.— 3.078. ,5^. —0.875, ^5. oo. 

Page 51, Chap. III. 

^. _o V2— V3 ,;,o V2"+V3 

. Sin 15° = ---^ — , cos 15= ' . 

2 ' 2 

6. 3 sin A — 4 sin^ A. 7. 4 cos' A — 3 cos A. 

o c- 1 A |5^^V2T , . I5+V2I 

P. Sm4A= J--^_,cosiA=J^-^J -. 

i6). 0°. ^^.30°. ^^. — 2 ?/i VT— m^. 

i4. Sin2^ = — 1; .',d = —lb\ 15, d = ^0\ 

Page 52, Chap. III. 
25, 120°. 26. 45°. ^<^. a. 

Page 53, Chap. III. 

40. Sin^A=— V^ (1-|-VT— "sin^Xy: 

4«^. +45° and— 45°. 



ANSWERS. Ill 

Page 69, Chap. V. 



1. 


B=:47° 32', 


a — 0.5688, 


6 — 0.6213. 


2. 


A— 38^35', 


a — 0.2804, 


6 — 0.3515. 


3. 


B — 67°01', 


6 — 2321, 


c — 2521. 


4. 


3 — 10° 47', 


a— 35.34, 


c — 35.98. 


5. 


A— 3° 42', 


6—479.4, 


c — 480.4. 


6. 


A = 67° 01', 


a — 2321, 


c — 2521. 


7. 


A — 41° 06', 


B — 48° 54', 


a — 48.00. 


8. 


A — 27° 15', 


B — 62° 45', 


a — 4.123. 


9. 


A — 83° 44', 


B— 6° 16', 


6—109.7. 


10. 


A— 11° 24', 


B— 78°36', 


6 — 84.30. 


11. 


A= 5° 20'.6, 


B — 84°39'.4, 


c — 1.074. 


12. 


A — 50° 32', 


B — 39° 28', 


c — 352.4. 


13. 


36°, 54°, 1.191, 


, 0.9634. 




W 


61° 03', 28° 57', 


V15 

8 • 




15 


Sin B cos A - 




a^ 


j.tj . 


" Va^ p*' 


18. 


100 ft., 70.7 ft. 


; from each other 36.6 ft. 



Page 70, Chap. V. 
20. 88.22 yds. 
22. 150 ft. 

24. a=V2KtanA, 6= \^^,c= .^^, . 

\tan A \ sin 2 A 

a= 15.86, 6=19.98, c = 25.51. 
(K stands for the area.) 
26. 236.6. ft. 

Page 92, Chap. VI. 

i. C = 19°41', 6 = 0.1166, . c= 0.04686. 

2. Q = 67° 34', a = 2643, c = 7784. 

^. A= 9° 41', a =4.497, c = 4.643. 

4. A = 90°00', a=12.20, 6 = 12.16. 
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5. 


B — 57° 44', 


C = 44° 03', 


c = 414.2. 


6. 


A — 47° 38^ 


C = 92° 06', 


c — 0.001082; 


or 


A— 132°22^ 


C = 7° 22', 


c— 0.0001389. 


7. 


B— 4°50^ 


C=165°51', 


c— 28.56. 


8. 


C — 27° 29', 


A— 29° 15,' 


a— 1041. 


9. 


C=30°05', 


A— 125° 37', 


a— 160.2; 


or 


C — 149° 55', 


A— 5° 47', 


a— 19.85. 


10. 


A — 44° 16'.5, 


B — 37° 26'.5, 


c— 111.9. 


11. 


C = 109^20', 


A— 54° 24', 


h= 4.957. 


12. 


A — 43° 42', 


B — 23° 14', 


C— 113° 04'. 


IS. 


A — 121° 43', 


B — 10°41',. 


C — 47° 34'. 


W 


A — 50° 25', 


C — 9° 27', 


c= 1.913. 



Page 93, Chap. VI. 
16. 2.605 miles, 2.612 miles. 17. 4164. 

18. 210.5 ft., 250.8 ft. 19. 123.9. 

20. 50.08 ft. when C is next A, and 29.13 ft. when it is 
next B. 



21. c = 



Page 94, Chap. VI. 
2K 



^ ; the other parts by Case III. 
a sin B ^ ^ 

22. 3.936 miles. 

28. 216. 2U. 7.49. 25. 6. 27. 244.8 ft. 



SPHERICAL TRIGONOMETRY. 



PREFACE. 



I HAVE endeavored to prepare a text-book of Spheri- 
cal Trigonometry for the use of schools and colleges 
which, while brief and simple, shall yet be thorough, 
and suggestive both of the theoretical and of the prac- 
tical bearings of the subject 

I have given such applications to Geometry and As- 
tronomy, and such problems involving these applica- 
tions, as will interest the student and show him that 
Spherical Trigonometry is not a mere mass of mean- 
ingless formulas, but an easy means of solving many 
practical problems of great importance. 

H. N. W. 
Cambridge, Mass., September 15, 1878. 
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INTRODUCTION. 

§ 1. Spherical Trigonometry is the application of Goni- 
ometry or Angular Analysis to Spherical Geometry; it 
treats principally of the solution of spherical triangles. 

§ 2. We will first recall a few principles of Geometry 
which will he needed in our discussion. 

a. A line which is perpendicular to a plane is perpen- 
dicular to every line through its foot in the plane. 

b. A plane which is perpendicular to a line is perpen- 
dicular to every plane which contains the line. 

c. If two planes are each perpendicular to a third plane, 
their line of intersection is also perpendicular to the third 
plane. 

d. The measure of the angle hetween two planes is the 
angle hetween two straight lines drawn one in each plane, 
and perpendicular to the intersection of the planes at the 
same point. 

e. The angle hetween two arcs of great circles on the 
same sphere is measured by the angle between their planes, 
or by the angle between the tangents to the arcs at their 
point of intersection, or by the arc of a great circle de- 
scribed from the vertex of the given angle as a pole and 
intercepted between its sides. 

f. The sides and angles of any spherical triangle are 
respectively the supplements of the angles and sides of its 
polar triangle. 
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g. When in any spherical triangle two angles are equal, 
the sides opposite these angles are also equal. The con- 
verse of this is also true. 

h. The arc of a great circle drawn through the vertex 
of an isosceles triangle and perpendicular to the base bi- 
sects both the base and the angle at the vertex. 

In every spherical triangle : 

L The greater side is opposite the greater angle, and 
conversely. 

j. Each side is less than the sum of the other two. 

h. The sum of the sides is less than 360°. 

I, The sum of the angles is greater than 180°. 
m. Each angle is greater than the difference between 
180° and the sum of the other two angles. 

n, A side which differs more from 90° than another 
side is in the same quadrant as its opposite angle. 

0, An angle which differs more from 90° than another 
angle is in the same quadrant as its opposite side. 

§ 3. The solution of all spherical triangles may be made 
to depend upon the solution of those each of whose sides 
and angles is less than 180° ; we shall therefore discuss 
only the latter class of triangles. 

§ 4. It has been shown in spherical geometry that in 
general it is possible to construct a spherical triangle when 
any three of its parts are given (not excluding the case 
where the given parts are the three angles). We shall 
show in what follows, that in general it is also possible 
to solve a spherical triangle from the above data. In the 
selection of formulas we shall be governed by the princi- 
ples laid down in Sections 63 and 64 of the Plane Trigo- 
nometry. 
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§ 5. Two methods of discussing our subject are open 
to us : we can either first deduce formulas which are true 
for all spherical triangles, and then by substituting in these 
90° for one of the angles obtain formulas true for spher- 
ical right triangles only ; or we can first deduce formulas 
applicable to right triangles only, and then by the aid of 
these obtain the general formulas. The latter method is 
the simpler, and will be adopted in this work. 



CHAPTER I. 



SPHERICAL RIGHT TRIANGLES. 



§ 6. In Spherical as in Plane Trigonometry a triangle 
is solved by the aid of formulas expressing relations be- 
tween its sides and angles, and such formulas we shall 
proceed to establish, limiting our investigation at present 
to the case of right triangles. 

It is shown in spherical geometry that the sides and 
angles of any spherical triangle are measured by the face 
and diedral angles respectively of the spherical pyramid of 
which the triangle in question is the base, and the relations 
between the parts of a spherical triangle can be most easily 
studied by the aid of the corresponding pyramid. 

Suppose the spherical triangle abc (Fig. 1) to be right 
angled at c; through A, b, 
and c draw the spherical 
radii AO, bo, and co ; a,h, 
and c are then the measures 
of the angles boc, coa, and 
AOB respectively^ ; through 
L, any point of bo, pass a 
plane perpendicular to bo, 
and therefore to the planes 
BOC and boa {v. § 2 &) ; 
this plane lmn cuts the 
planes boc and boa in lines 
LN and LM, which are perpendicular to LO (v, § 2 a), and 
cuts the plane coa in nm ; now the planes mnl and COA 



FIG. 1. 
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being each perpendicular to the plane boc, their line of 
intersection nm is also perpendicular to this plane boc 
(v. § 2 c), and therefore to the lines nl and no (i;. § 2 a). 
The angle mln is the measure of the angle between the 
planes boc and boa (v, § 2 d), and therefore of the angle 
B (v. § 2 e). We have formed then the four triangles of 
reference : 

LNM right angled at n for B [=mln], 

OLN " " « L " a [=boc], 

OLM " " « L " C [=B0A], 

ONM " " « N " b [=C0A]. 

We see that these triangles have certain sides in com- 
mon^ a property of which we shall now take advantage. 

OL ON cos a ^ -^ _ 

cos c = = = cos a cos b : 11 1 

OM ON 7 u J 



cos b 



. ^ NM OM sm b sm b -,._ 

8inB = = : — =—. ; [2] 

LM OM sm c sm c 

^ LN OL tan a tan a ^^^ 

cos B = = = ; [31 

LM OL tan c tan c 

_ NM ON tan b tan b ^.^ 

tan B = = : = [4 J 

LN ON sm a sin a 

It is easy to see that the corresponding formulas for A 
are those which we obtain by substituting in [2], [3], and 
[4], A and a in place of B and b, respectively. 

Corollary I. We learn from [1] that when cos a 
and cos b have the same sign cos c is positive, and that 
when they have opposite signs cos c is negative ; c then is 
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acute when a and b are in the same quadrant, and obtuse 
when they are in different quadrants. 

Corollary II. Since each part is less than 180'' (§ 3) 
sin a is always positive ; we see from [4] then that tan B 
and tan b always have the same sign, i. e. an oblique angle 
and its opposite side are in the same quadrant. 

§ 7. We can deduce no more formulas from our figure ; 
we can however obtain two new relations by combining 
certain of the formulas already found. From [3] and [2] 
we have : 

cos B tan a sin c cos c ,. p.^v . 

-; — 7- = - X^ = = (from [1]) cos 6; 

sin A tan c sm a cos a 

cos B . cos A pj^, 

/, cos b = -; — 7- or cos a = -; — =^ • loj 

sin A sm B 

From [1] and [5] we have 

_ cos A cos B 
cos c = cos a cos b = — ; — ^FT X — — r 5 

sm B sm A 

. • . cos- c = ctn A ctn B. [6 j 

Napier's Eules. 

§ 8. The formulas thus far obtained are comprised in 
P,Q 2. two rules, called, from the name of 

their inventor, Napier^ sRules,^\i\ch, 
though artificial, are very generally 
l^^y^ employed as aids to the memory. In 
these rules the complements of the 
hypothenuse (c) and of the oblique 
so — angles (A) and (B) are to be used, 

and the right angle is to be neglected ; there are then five 
parts which follow one another in the order indicated in the 
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margin. To each part" there are two adjacent and two 
opposite parts. 

The rules are as follows : 

(1.) The sine of any part is equal to the prodiict of the 
(t)angents of the (a)djacent parts, 

(2.) The sine of any part is equal to the product of the 
(c)osines of the (o)pposite parts. 

Tn the above rules the letters (t), (a), (c), and (o), were 
put in parenthesis in order to assist the memory ; thus, (t) 
and (a) stand for the (t)(a)ngents of the adjacent parts, 
and (c) and (o) for the (c){o)sines of the opposite parts. 

The proof of the correctness of these rules lies in the 
fact that the formulas obtained by them are the same as 
those obtained in the previous sections. 

§ 9. We will now show that the six formulas which we 

have deduced enable us to solve all the cases of spherical 

right triangles which can arise ; i. e. all cases in which two 

parts in addition to the right angle are given , let us first 

see how many such cases there are. Leaving out the right 

angle, the number of combinations that can be made out of 

5 X4 
the five remaining parts, taking two at a time, is =10; 

they are the following : (1) a h, (2) a c, (3) a A, (4) a B, 
(5) b c, (6) b B, (7) h A, (8) c A, (9) c B, (10) A B. These 
ten combinations, however, represent only six distinct cases ; 
for (2) and (5) form only one distinct case, since in each 
the hypothenuse and an adjacent leg are given, and simi- 
larly from (3) and (6), (4) and (7), (8) and (9), we get 
only three distinct cases. We have then in all only six 
distinct cases, and they are the following: 

Case I. Given the two legs, a and h. 

Case II. Given the hypothenuse and an adjacent leg, 
c and a, or c and h. 
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Case III. Given a leg and an adjacent angle, a and B, 
or b and A. 

Case IV. Given a leg and the opposite angle, a and A, 
or b and B. 

Case V. Given the hjpothenuse and an adjacent angle, 
c and A, or e and B. 

Case VI. Given the two oblique angles, A and B. 

§ 10. Collecting our formulas into the following table, 
we see at a glance that when in addition to the right angle 
two parts are known, a function of each remaining part 
can be directly obtained ; i. e. that each of the cases of § 9 
can be solved. 



I 



Given Sought 



Case I. I cos c = cos a cos 0^ tan A = -; — - , tan i> = -: 

a and b. ' sin 6 sm a 

^. „ ■ - cos <• . . sin a tana 

Case II. cos 6 = , sin A= -: ,cosJ5 = 



a and c. 
Casein 



cos a sin c tan c 



cos A = cos a sin B, tan b = sin a tan B, 

- o tana 

a and B. tan c = =, • 

cosB 



po*.^ TV . ^ cosA . , tan a . sm a 

ca8ei\. sinB= , sin6 = - r-,sinc = -;^ — j' 

a and A. cos a tan A sin A 

Case V ^*^ ^— ^^^ ^ *^^ ^ **^ ^ ^ *^^ ^ ^^® '^ 
c and A. sin a = sin c sin A. 

cos A j_ cos B 

Cmp VI cos flf = — — f^ , cosO = — — T- , 

k,ase VI. gjj^ 3 ' sin A 

cos c = ctn A ctn B. 
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The computed values of the required parts should satisfy 
the following formulas^ which may be used to test the ac- 
curacy of the solution. 

Case I. cos c = ctn A ctn B. 

cos B 
Case 11. cos o = — : — -r • 

sm A 

Case III. tan h = tan c cos A. 
Case IV. sin h = sin c sin B. 

Case V. tan B = — ; 

sin a 

Case VI. cos c = cos a cos b. 

Formulas used in this way are ordinarily Called check 
formulas, 

DISCUSSION OF THE DIFFERENT CASES. 

§ 11. Case I. Given a and b. Each part being less 
than 180% each required part is completely determined by 
the formulas given in the table. 

When a = 90° then c = A = 90° and B = 6. 
When a = 6 = 90° then c = A = B = 90°. 

Mcample I. Given a = 22" 15', b = 51° 53'. 

log cos a = 9.9664 log tan a = 9.6118 log tan b = 0.1054 

log cos b = 9.7905 log sin b = 9.8958 log sin a = 9.5783 

log cos c = 9.7569 log tan A = 9.7160 log tan B = 0.5271 

c = 55* 09^ A = 27° 28' B = 73° 27' 

Check, log ctn A = 0.2840 

log ctn B = 9.4729 

9.7569 

log cos c = 9.7569 
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When cos c is nearly equal to unity c is small, and can- 
not therefore be determined with accuracy from its cosine 
(v. § 62, Plane Trig.). In this case B can be found first, 
and then c can be found with accuracy by the last formula 
of the table under Case III. 

Example II. Given a = 178° 12', 5 = 2° 25'. 
Ccmpute c = 176° 59', A = 143° 18', B = 53° 20'. 

§ 12. Case II. Given a and c. b and B are completely 
determined by the formulas in the table ; but A is to be 
found from its sine, and corresponding to the same sine 
there are two supplementary angles; only one of these, 
however, will satisfy our triangle, namely, that one which 
lies in the same quadrant as a (v, § 6, Cor. II.). 

When a = c = 90° then A = 90°, b and B are indeter- 
minate, i. e. there is an infinite number of triangles, each 
of which will satisfy the data. 

When c = 90° and a is not 90°, then 5 = B = 90° and 
A = a. 

The triangle is impossible when c differs more from 90° 
than a. 

When a = c and is not 90° the triangle becomes a single 
line equal to a or c. 

Example I. Given a = 132° 14'j c = 97° 13'. 

Compute b = 79° 14'.5, A = 131° 44', B = 81° 59'. 

The following example will illustrate the uncertainty 
which may arise when an angle near 0° or 180° is found 
from its cosine, and when an angle near 90° or 270'* ts 
found from its sine. 
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JSxample II. Given c = 37° 42', a = 37° 4(y. 

log cos c = 9.8983 log sin a = 9.7861 log tan a = 9.8876 
log cos a = 9 8985 log sin c = 9.7864 log tan c = 9.8881 

log cos b = 9.9998 log sin A = 9.9997 log cos B = 9.9995 

Check, log cos B = 9.9995 We see from our four-place 

log sin A = 9.9997 table that every angle be- 

9.9993 tween 1° 30'.3 and 1° 56'.6 

log cos b = 9.9998 ^^s a log cos = 9.9998* 

,'. b may have any value between 1° 30'.3 and 1° 56'.6, 
and likewise B " " " 2° 36'.5 " 2° 53', 

and A " " " 87° 42' « 88° 03'. 

We will now deduce three formulas which may be used 
to advantage when, as in the last example, accurate results 
cannot be obtained by the general method. 

cos b = or cos b : 1 = cos c : cos a ; therefore, by the 

cos a 

theory of proportions, 

1 — cos b cos a — cos c 
1 + cos b cos a + cos o ' 

. • . by [32] and [49], Plane Trig., 

tan^ ~ = tan ^ (a + c) tan ^ (c— a), [7] a 

. sin a . A 4 • 

sm A = -7 or sin A : 1 = sin a : sin c ; 

sin c 

1 — sin A . sin c — sin a 

* * 1 + sin A sin c + sin a ' 

1 — cos (90 — A) sin c — sin a 

* * 1 + cos (90 — A) sin c + sin a 

* The diflFerences between the logarithms of the cosines of angles 
between 1** 30'. 3 and 1" 56\6 are so small that they do not appear in a 
four-place table. 
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. • . by [32] and [48], Plane Trig., 

tan^ (45° - J A) = tan J (c - a) ctn ^ (c -f a). [7] b 

^ tan a ^ ^ 

cos ±5 = or cos 13 : 1 = tan a : tan c : 

tan c 

1 — cos B tan c — tan a sin c cos a — cos c sin a 

' ' 1 -f- cos B tan c 4- tan a sin c cos a + cos c sin a ' 

. • . by [32] and [18], Plane Trig., 

tan^ ^ B = sin (c — a) -^ sin (c + a), [7] c 

We will now work Example II. by the new formulas 
just obtained. 

c = 37° 42' a = 37° 4(y 

c+a = 75°22' c-a= 0° 02' 

^ (c + a) = 37° 41' ^(c-a)= 0° 01' 

log tan h(c + a) = 9.8879 log ctn J (c + a) = 0.1121 
log tan l(c — a) = 6.4637 log tan |(c - a) = 6.4637 

2) 6.3516 2) 6.5758 

log tan I ^> = 8.1758 log tan (45- J A) = 8.2879 

^b = 0°5V.5 45°-iA= 1°06'.7 

^ = 1° 43' 90° - A = 2° 13'.4 

log sin (c-a) = 6.7648 A = 87° 46'.6 

log sin (c + a) = 9.9857 check. 

2) 6.7791 log cos B = 9.9995 

log tan i B = 8.3896 log sin A = 9.9997 

i B = 1° 24'.3 9.9998 

B = 2° 48'.6 log cos b = 9.9998 
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§ 13. Case III. Given a and B. Each part is com- 
pletely determined by the formulas in the table. 
Whena = B = 90° then A = 6 = c = 90°. 

Example, Given a = 88° 05', B = 38° 20^. 

Compute c = 88° 30^, A = 88° 49^, h = 38° lO'. 

What other method for finding A may be used to ad- 
vantage when cos A is nearly equal to 1 ? 

§ 14. Case IV. Given a and A. Each required part 
is to be obtained from its sine, to which may belong both 
an acute and an obtuse value ; from this it would appear 
that there are eight different triangles corresponding to 
the given values of a and A ; b and B must however lie in 
the same quadrant (§ 6, Cor. II.) ; and from § 6, Cor. I., we 
see that, a being given, c can have only one value when b 
is acute, and only one value also when b is obtuse ; there 
are therefore only two possible sets of values for the re- 
quired parts b, B, and c : i. e. (1) b acute, B aciUe, c in 
same qtmdrant as a ; (2) b obticse, B obticse, c in different 
quadrant from a. 

When sin a = sin A and < 1 then B = ^ = c = 90°. 

When a= A= 90° then c=90°, b and B are indeterminate. 

The triangle is impossible when (1) a and A are in dif- 
ferent quadrants (v. § 6, Cor. II.), and (2) when sin a > 

• 

sin A; for here sin c = -; — t- > 1, which is impossible. 

smA 

Example I. Given a = 147° 49', A = 137° 36'. 

Jog cos A = 9.8683 n log tan a = 9.7989n log sin a = 9.7264 

log cos g = 9.9275 n log tan A= 9.9605 n log sin A = 9.8288 

log sin B = 9.9408 log sin b = 9.8384 log sin c = 9.8976 

Bi = 60°45' ^1 = 43° 34' Ci= 52° 11' 

B. = 119° 15' b^ = 136° 25' c, = 127^491 
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Check, The parts hi, Bj, and c^ belong 

log sin c = 9.8976 to one of the possible triangles, 

log sin B = 9.9408 and the parts b^, Bg, and Cy to 

9.8384 the other, 
log sin h = 9.8384. 

When the formulas in the table (§ 10) give inaccurate 
results the following may be used : 

tan^ (45° - J B) = tan J (A — a) tan i (A + a), (a) \ 
tan^ (45° - .} ft) = sin (A - a) -^ sin (A + a). (h) > [8] 
tan^ (45° — | c) = tan | (A — a) ctn H-^ + «)• (^) ) 

These may be deduced from the general formulas of 
Case IV. by the following formulas of Plane Trigonometry : 

{a) from sin B = -^^ by [49] and [32] ; 
(ft) from sm ft = ^ by [22] ; 

(c) from sin c = — — -r by [48] and [32], 

Example II. Given a = 34° 06', A = 34° 08'. 

Compute B, = 88° 24' ftj = 87° 08' c^ = 87° 38' 
B, = 91°36', ft2 = 92°52', C2 = 92°22'. 

§ 15. Case V. Given c and A. 

Each required part is completely determined by the for- 
mulas in the table except a, which must, by § 6, Cor. II , 
lie in the same quadrant as A. 

When c = A = 90° then a = 90°, ft and B are indeter- 
minate. 

When c = 90° and A is not 90° then ft = B = 90°, and 
a = A. 
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When A == 90® and c is not 90° then a = c, and the tri- 
angle hecomes a single line equal to a or c. 

ExampU I. Given c = 112° 48', A = 56° 12'. 
Compute a = 49° 56', b = 127** 05', B = 120° 04'. 

What* other method for finding a may he used to advan- 
tage when sin a is nearly equal to unity ? 

Example II. Given c = 87° 12', A = 88° 12'. 
Compute B = 32° 45', b = 32° 42', a = 86° 40^. 

§16. Case VI. Given A and B. 

Each required part is completely determined by the for- 
mulas in the table (§ 10). 

When A = B and is not 90° then a = b. 
When A = B = 90° then a = b = c = 90. 
When A = 90° and B is not 90° then a = c = 90® and 
^ = B. 

Example I. Given A = 63° 15', B = 135° 34'. 
Compute a = 50° 00', b = 143° 06', c = 120° 56'. 

For cases of inaccuracy the following formulas may be 
used : 

ctnn a - t'^H90° + B-A) 



. ,.. tan J(90° + A-B) ... 

^°^^=^ tan|(B + A-90°) - <*> 

ctn^^c = - ''"%(g-f> (c) 

^ cos (B + A) ^ ' 



k9] 
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These may be deduced from the general formulas of Case 
VI. by the following formulas of Plane Trigonometry : 

cos A 



(a) from cos a = 



sin B 



by [48] and [33], 



(b) from cos b = ^^^^ by [48] and [33], 

ctn A * 

(c) from cos c = ctn A ctn B = ^ by [23] and [33]. 

Example II. Given A = 92° 08', B = 50" 02'. 
Compute a = 92° 48', b = 50° 00', c = 91° 48'. 







EXAMPLES. 








Given 




CompiUe 






a 


b 


c 


A 


B 


i 


36° 27' 


43° 35' 


54° 21' 


46° 59' 


58° 02' 


a. 


86° 40' 


32° 40' 


87° 12' 


88° 12' 


32° 43' 


3. 


2° 01' 


0°27' 


2° 04' 


77° 26' 


12° 35' 


4. 


120° 10' 


151° 00' 


63° 56' 


105° 44' 


147° 20' 




a 


c 


/ 


A 


B 


5. 


14° 17' 


23° 50' 


19° 17' 


37° 38' 


54° 49' 


6. 


32° 09' 


44° 33' 


32° 42' 


49° 19' 


50° 19' 


7. 


12° 15' 


95° 44' 


95° 52' 


12° 19' 


91° 15' 


8. 


8° 12' 


171° 00' 


176° 17' 


65° 45' 


155° 29' 




a 


B 


e 


b 


A 


9. 


92^48' 


50° 02' 


91° 48'. 


50° 00' 


92° 09' 


10. 


96° 50' 


50° 12' 


94° 23' 


50° 00' 


95° 15' 


11. 


20° 20' 


38° 10' 


25° 14' 


15° 16' 


54° 35' 


12. 


3° 56' 


85° 47' 


43° 04' 


42° 56' 


5° 46' 




a 


A 


Ci 


bi 


Bi 


13. 


33° 40' 


43° 21' 


53° 52' 


44° 53' 


60° 54' 


14. 


133° 19' 


124° 00' 


118° 39' 


45° 40' 


54° 36' 


15. 


111° 44' 


95° 45' 


111° 00' 


14° 38' 


15° 42' 


16. 


87° 12' 


87° 52' 


88° 11' 


49° 34' 


49° 38' 
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Gi 


ven 




CmnptUe 






e 


A 


d 


h 


B 


17. 


69° 2& 


54° 55' 


49^59^ 


56° 51' 


63° 25^ 


la 


118° 40' 


128° 00' 


136° 15' 


48° 24' 


58° 27' 


19. 


58° 30^ 


22'' 01' 


18° 39' 


56° 33' 


78° 04' 


2a 


89° 30'.5 


89° 16' 


89° 07' 


m" 17' 


m^" 17' 




A 


B 


c 


a 


h 


2L 


63° 15' 


135° 34' 


120° 56' 


50° 00' 


143° 06' 


22. 


116° 43' 


116° 31' 


75° 27' 


120° 10' 


119° 59' 


23. 


47° 00' 


57° 59' 


54° 19' 


36° 27' 


43° 33' 


21 


10° 46' 


79° 34' 


14° 27' 


2° 40' 


14° 14' 



The following triangles, although not right triangles, can 
be solved by principles already explained : 



25. 

2a 


e 
90° 
90° 


Given 
a 
60° 04' 
174° 13' 


b 
40° 10' 

94° 08' 


A 

39° 19' 

175° 57' 


27. 


a 
90° 


A 

28° 06' 


C 

16° 08' 


b 
122° 48' 


2a 


e 
90° 


A 
110° 48' 


B 
135° 36' 


C 
104° 42' 


29. 


a 
28° 00' 


b 
28°*00' 


B 

79° 00' 


c 
11° 35' 


sa 


A 

120° 00' 


B 
120° 00' 


C 

80° 00' 


a 
133° 28' 



Compute 

B 
28° 10' 
135° 40' 


C 
133° 01' 
135° 35' 


c 
36° 09' 


B 
156° 41' 


a 
104° 53' 


b 
133° 40' 


A 

79° 00' 


C 
24° 50' 


b 
133° 28' 


c 
55° 34' 



31. A spherical square is a spherical quadrilateral which 
has equal sides and equal angles. The diagonals divide it 
into four equal spherical right triangles. Given a side («) 
of the spherical square : find an angle (A). 

Ans. ctn ^ A = ^ cos a. 



18 SPHERICAL TRIGONOMETRY. 

32. A line makes with a plane an angle <^ ; through the 
foot of the line and in the plane draw a second line mak- 
ing with the projection of the first on the plane the angle 
n ; find the angle x made by the second line with the first. 

Ans. cos X = cos ^ cos a. 

33. Given the bumber of sides of a regular spherical poly- 
gon equal to n and each angle equal to A ; find a side (a) of 
the polygon and the polar radii of the circumscribed and in- 
scribed circles. ^„ IT 

cos - 

Ans, cos i a = — — r-r , 

sin ^ A 

cos 1 A ^ i. , A i. "■ 

cos r = — , cos R = ctn J A ctn - . 

sin ^ ^ 

34. Find the angles between the adjacent faces of each 
of the five regular polyhedrons. 

Ans. Tetrahedron 70° 32', Hexahedron 90°, Octahedron 
109° 28', Dodecahedron 116° 35', Icosahedron 138° 15'. 

35. The base of a regular pyramid is a decagon ; each 
angle at the vertex of the pyramid is 18° ; find the angle 
(i) which each lateral face makes with the base and the 
angle (<^) made by the lateral faces with one another. 

Ans. i = 60° 54', <^ = 148° 40'. 

In Appendix I. wUl he found a few remarks about As- 
tronomy, with which the student should become perfectly 
familiar before attempting to work the following examples. 

36. From the longitude of the sun (Z) and the obliquity 
of the ecliptic (e) find the sun's right ascension (a) and 
declination (S). Ans. tan a = tan I cos e, 'sin 8 = sin I sin e. 

37. (a) From the latitude (<^) of a place on the earth's 
surface and the declination (S) of the sun on a given day. 
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find the times and places of the rising and setting of the 
sun and its distance from the zenith at noon. 

(b) When are days and nights equal ? 

(Neglect the effect of refraction.) 

Ans. (a) cos w = tan <j> tan 8, cos d^ sin 8 : cos <^, where co 
denotes the angle, which reduced to hours and minutes is the 
time before and after midnight of setting and rising ; d is 
the distance from the north point of the horizon, <^ — 8 is 
the distance from the zenith at noon. 

(b) Days and nights are equal when the sun rises at 
6 A. M. and sets at 6 p. m., i. e. when w ^ 90° ^ 6 h. ; this 
occurs (1) at all places on the earth when 8 = (March 21 
and September 21) and (2) at all times of the year for 
places on the equator (<^ = 0). 

38. When does the solution of Example 37 become im- 
possible ? when indeterminate ? and what follows for places 
so situated on the earth's surface as to give these results ? 

Ans, Impossible when 90° — <^ < 8, i. e. when the polar 
distance of the place is less than the declination of the sun ; 
in such cases the sun neither rises nor sets, but is either 
entirely above or entirely below the horizon during the 
entire day. 

Indeterminate when 90° — <^ = 5 = 0, i. e. at the poles 
when 8 = 0; here the sun is just in the horizon during the 
entire day. 

39. When and where does the sun set in Cambridge 
(lat. 42° 230 on the longest day (June 21, 8 = + 23° 27') ? 
when and where on the shortest day (December 21, 
8 = - 23° 27') ? 

Ans, o) = m"" 41' = 4 h. 27 m. ) ,, a 

^ = 57° 24' P'^°^"'> 
a, = 113°19' = 7h.33m.) ^j^^^^^^^^ 
(^ = 122° 36' 1^ ^ 
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40. Solve Ex. 39, substituting New Haven (lat. = 41° 17') 
for Cambridge. 

Am. 0) = 67° 37' = 4 h. 30.5 m. > ^ ^. 

a) = 112° 23' = 7h. 29.5m.) / . . . x 
e£ = 12r58'.5 }(«^^^-*)- 

4L (a) Find the altitude (h) and azimuth (a) of th* 
sun at a given place in the northern hemisphere (lat. Kf> 
and on a given day (dec. 8) at 6 A. m. 

(ft) How does the altitude change with a change of place . 
What is its value for a place on the equator ? what for a 
place at the pole ? What is the greatest possible altitude ? 

(c) Why is the sun never above the horizon before 6 A. m. 
in winter ? 

(d) How does the azimuth at the same place change 
during the year ? how on the same day (i. e. declination 
of the sun constant) when the position of the place changes ? 
What is the azimuth of a place on the equator ? what of a 
place at the pole ? 

Answers, (a) sin h = sin </> sin b, ctn d = ctn (180^ + d) 
= cos </) tan b. (180° -\- d) = a, where d = distance from 
the north point of the horizon.) 

(b) In summer the altitude increases as the distance of 
the place from the equator increases ; at the equator it 
is 0° ; at the pole it is equal to the declination of the sun, 
which is the greatest possible altitude that the sun can 
have at this time of the day ; for other places on the north- 
ern hemisphere the altitude is a maximum on the longest 
day (June 21, when 8 = 23° 27'). 

(c) In winter 8, and therefore h, is negative. 

(<f) The azimuth increases with a decrease in 8 and an 
increase in <^ ; at the equator it is 270° — 8, and at the 
pole it is 270°. 
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42. Find the altitude and azimuth of the sun in Cam- 
bridge (<^ = 42° 230 o^ J^ne 21 (8 = 23° 21') at 6 a. m. 

Am. h = 15° 34'. a = 252° W, 

43. (a) At what times of the day at a given place in the 
northern hemisphere (i. e. <^ given) and on a given day (i. e. 
8 given) is the sun exactly- in the east or west ? (h) What 
are the results when 8 = 0, i.e. when days and nights 
are equal ? (c) Why in summer can the sun never be 
in the east before 6 A. M. and never in the west after 
6 p. M. ? 

(d) What results are obtained when the latitude <f> is 
less than the declination 8 ? what when it is equal to 8 ? 
What results are obtained for the north pole ? 

Ans, (a) cos o> = tan 5 ctn <J>, where a> reduced to hours 
is the time before or after noon. 

(b) When a = 0° then » = 90° = 6 h. 

(c) The place being north of the equator </> is positive ; 
in summer b is positive ; therefore cos a> is positive and a 
is less than 90° or 6 h. 

(d) When <^ < 8 then cos co > 1, and the problem is im- 
possible. When <^ = 8 then w = 0° or the sun is in the 
east and west at noon ; this means that the sun is at noon 
in the zenith, and therefore in that vertical circle which 
passes through the east and west points of the horizon. At 
the pole cos w = 0, or a> = 90° = 6 h. 

44. At a place on the earth's surface whose latitude is <^, 
a rod OA, pointed toward the north pole, makes with a 
horizontal plane an angle boa = <^ ; let oc be the position 
of the shadow of the rod at a given time of the day ; find 
the angle bog. 

Given <^ = 42° 23' (Cambridge) jJ = 2 h. = 30°. 

Ans. tan boc = sin <^ tan t', .'. bog = 21° 16'. 
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This example tells us how to construct a horizontal sun- 
dial. The rod is made to make with the horizontal plane an 
angle <^, because it is in this position parallel to the earth's 
polar diameter^ about which as an axis the sun appears to 
move. 

45. Through o (Ex. 44) pass a plane perpendicular to 
OB ; extend the rod OA through this vertical plane so that 
its shadow may fall upon it ; find the angle S which the 
shadow makes with the projection of the rod on the plane 
at a given time t (vertical sundial). 

Given </> = 42° 23' (Cambridge) jJ = 3 h. = 45°. 

Ans. tan S = cos tan ^ ; . • . S = 36° 21', 

46. Find the length, in geographical miles, of the great 
circle arc joining Halifax — long. 63'' 35^ W., lat. 44° 40' 
N. — with Cape Ferret (near Bordeaux, France) — long. 
1° 14' W., lat. same as that of Halifax. Ans, 2592 miles. 

Compare Ex. 31, p. 71, Plane Trig. 
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THE SPHERICAL TRIANGLE IN GENERAL. 

§ 17- Theorem, In every spherical triangle the sines 
of the sides are proportional to the sines of the opposite 
angles. 

Through c (Fig. 3) draw 
the great circle arc^ perpen- 
dicular to c ; applying [2] 
to the two right triangles 
thus formed, we have sin^ 
= sin A sin ^ = sin B sin a\ ^ 

sin A sin B , . .i , sin B sin C 

• -= — ; — - , and similarly -; — r = — : ; 

sin sm h sm c 




sm a 

sin A sin B 



sin C 



Q. E. D. 



. ,- . . .. -. ^. [10] 

sm a sm b sm c 

Why is the result the same when p cuts ab produced ? 

§ 18. Problem. To find the cosine of a side of any 
spherical triangle in terms of functions of the opposite 
angle and the other two sides. 

From [1] we have in Fig. 3 

cos a = cos p cos db ; 

but DB = AB — AD, . • . COS DB = COS c COS AD + sin c siu AD ; 

, - - , _ . COS b 
and from [1] again cos p :f= ; 
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COS h cos c cos AD sin c cos h sin ad 
. • . cos a = 1 



cos AD 



COS AD 



and from [3] tan ad = cos A tan h ; 

. • . cos a = cos h cos c + sin h sin c cos A, 
and similarly 

cos h = cos c cos a + sin c sin a cos B, 
cos c = cos a cos h + sin a sin /^ cos C. 



Hii] 



Note. What has been said about the measurement of straight lines 
in § 2, Plane Trig., will apply equally well to the measurement of 
arcs ; bearing this in mind, and also the fact that the sines of an arc 
and its supplement are the same, and that the cosines of an arc and its 
negative are the same, §§17 and 18 will be seen to apply equally well 
to the cases where d does not fall between a and b. 

§ 19. Let a'b'c' be the polar triangle of abc, then by 
§2/, 

A' = 180° - a, a' = 180° - A, 



B' = 180° - b, 
Q' = 180° - c, 



h' = 180° - B, 
d = 180° - C. 



Applying [11] to the triangle a'b'c' we get 

cos a' = cos b' cos & + sin b^ sin & cos A', 
or substituting from above 

— cos A = (— cos B) (— cos C) + sin B sin C (— cos a) ; 

or — cos A = cos B cos C — sin B sin C cos a, 
and similarly 

— cos B = cos C cos A ~~ sin C sin A cos b, 
and — cos C = cos A cos B — sin A sin B cos c. 



ki2] 



COS 
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» ^^ -T^ i-^ ^ -1 * COS a — cos h cos c 

§ 20. From [11] cos A = r—, — ; ; 

^ -" sm b sm c 

. • . from Plane Trig. [31] and the above 
, . 4 /l + cos A 4 /sin h sin c + cos a — cos h cos c 

i^=V — 2 — =V 



2 sin h sin c 



'V' 



COS a — COS (^ + c) ^ ^. r^rtTN 

— — ; — r-^ ^ (v. Plane Trig. [19]) 

2 sin 6 sin c 



I sm Ha + 6 + c) sin H^+ ^- «) z^, pj^ne 
V sin h sin c 

Trig. [47]). 

Now put a4-^ + c = 25 and . ' . 

— a-t-^ + c = 2 (s — a) and we get 



, . . /sin 5 sin (s — a) 

cos J A = V ^-T^ J 

▼ sm sm c 

and similarly 

, _ . /sin 5 sin (5 — h) 

cos i B = V -. e f 

^ ▼ sin c sm a 



ki3] 



, ^ . /sm 5 sm (s — c) 

cos i C = V ; r — I . 

^ ▼ sm a sm o 

In a similar manner may be obtained 



sin i j^^J ^^^H^-^-^^)^^^^ (a + lf-c) 
^ V sin b sin c 

= J^i°(^7^)«i°(^Eg ; [14] 

T sm sm c 



sin 6 sin c 
and from [14] and [13] 



^ , . . /sm (s — 6) sm (s — c) ^i kt 

tan i A = V 5^ f— 7— ^ — r-^ . [15] 

^ T Sin s sin (s — a) 
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By advancing the letters we get similar formulas for B 
and C. We have agreed to restrict ourselves to triangles 
in which each part is less than 180°, therefore ^ A, ^ B, 
and J C are each less than 90° and their functions are posi- 
tive ; we must then give the + sign to the radicals in [13], 
[14], and [15]. 

Problem, Prove that the values of the sine, cosine, and 
tangent of the half angle contained in [13], [14], and [15] 
are real, i. e. that the quantity under the radical is in each 
case positive. 

§ 21. From [12] we get 

cos A + cos B cos C 

cos a = ' ; — z=—- — 7= . 

sm B sm C 

Now proceeding as in § 20 and putting A + B + C = 2S 
we get 

4 g = i / ^Qs(S - B) cos (S -^ 
V sin B sin C ' 



cos 



[16] 



. J . /— cos S cos (S — A) 

sin A a = v -. — ^— ; — j, , [17] 

2 V sm B sm C *- -" 



1 4/ — cos S cos (S — A) _._^ 

*^^^=V co8(S-B)cos(S-C) - ^^^^ 

Let the student write the corresponding formulas for h 
and c. 

Corollary 1. The above formulas give real values for 
sin I a, cos \ a, and tan \ a. 

Proof, 1st. Sin A, sin B, and sin C are each positive, 
because A, B, and C are each less than 180°. 

2d. 2 S > 180° < 540° (§ 2 ^ and § 3). 
. • . S > 90° < 270°, i. e. cos S is negative and — cos S 
is positive. 
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3d. S — A = J (B + C — A). In the polar triangle whose 
sides we will denote hj a', b', and c', we have a' <b' -\- d 

.•.180-A<180-B + 180-C;.-.B + C-A<180^ 
andHB + C-A) = S~A<90°; .-. cos (S-A) is posi- 
tive, and in like manner cos (S — B) and cos (S — C) are 
each positive. 

Since then each factor of the quantities under the radi- 
cal is positive the quantities themselves are positive and 
their roots are real. 

Corollary 2. The sign of the root is in each case 
positive. 

§ 22. Substituting in the following formula (Plane Trig. 
[19]), cos J (A ± B) = cos J A cos ^ B =F sin J A sin J B, 
the values for sin ^ A, sin ^ B, cos ^ A, and cos | B ob- 
tained in § 20, we get 



, , . -r^x sin s . /sin (s — a) sin (s — b) 

cos HA ± B) = ^ — V "^ . ^ . \ 

^ ^ ^ siTi r. ▼ sin a am n 



sin (s — c) . /sin (s — a) sin (s — b) 
sin c V sin a sin b 



y/?i 



sin s =F sin (s — c) , /sin (s — a) sin (s — b) 



sin c ▼ sin a sin b 

__ a + b c - a-^b c 
Now s = —^ -t- 2 J and s - c = -^ ^ » 

. • . sin s — sin (5— c)= 2 sin J c cos — ^ — (v. Plane Trig. [45]) 

and sin s + sin (5— c)= 2 cos | c sin (i;. Plane Trig. [44]) 

and sin c = 2 sin | c cos j c (i;. Plane Trig. [26] ) 
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, / . _. 2 sin i c cos ^ (a + b) . , ^ 
.•,cosHA + B)= 2sin^clV ^'° ^ ^ 

cos ^ c '^ "- -■ 

and cos J (A - B) = ^'°H« + ^) ^j^ ^. ^ [-2o-| 

sm "h c 

Now substituting as before in the formula 

sin |(A ± B) = sin ^ A cos ^ B ± cos ^ A sin ^ B (Plane 
Trig. [18]), 

we get 



• 1 / A . Ti\ sin (s — 6) . /sin s sm (/ 

sini(A±B) = ;^ '- V ; V 

^ sm c ▼ sm a si 



s — c) 
sin b 



in (s — a) . /sin s sin (5 — c) 
sin <; V sin a sin 6 



sm (5 — 

± 



sin (5 — b) ± sin (5 — 
"" sin c 



a) . /sin 5 sin (s — c) 
V sin a sin ft 

^T , c + a — b , b-^- c — a -c — ia — b) 
Now s — b = ^ , anas— a = ^ = ^; 

. • . sin (s — ft) + sin (5 — a) = 2 sin J c cos \ (a —• ft) (Plane 
Trig. [44]) ; 

and sin {s — ft) — sin (5 — a) = 2 cos \ c sin ^ (a — ft) (Plane 
Trig. [45]); 

.-. sinHA+B) = ^t^'r^^T^^ Jsins sin (s-c) 

Z sin }i c cos he ▼ sm a sm ft 



and sin J (A - B) = ^'"J^^^^^ cos J C. [22] 

The last four formulas are called the Gauss Formulas. 
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From [21] and [19] we obtain 

tan HA + B) = f) , ,( ctn | C ; 

from [22] and [20] 

, , . _ . sin i (a — b) , . ^ 
tani (A-B)= . ? ) ^ , ; ctn^C; 

from [20] and [19] 

1 / ,N cos i (A — B) , 

taji^ (a + b) = t-tt-t-^rT tan J c ; 

^ ^ ^ cos ^ {A-\- B) 

from [22] and [21] 

,. sin i (A— B) ^ . 
tan i (a-'b)= . f ;. . p\ ^an J c. 
^ ^ ^ sin H^ + -^y 



[23] 



[24] 



[26] 



[26] 



FIG. 4. 



The last four formulas are called Napier's Analogies. 

§ 23. To find the polar radms of a circle circumscribed 
ahovt a triangle in terms of the. angles. 

The centre is at the intersection of the perpendiculars to 
the sides at their middle points ; joining the centre with 
the vertices we have the right tri- 
angles indicated in Fig. 4, the 
hypothenuses of which are each 
equal to the required radius (R). 
The triangles pab, pbc, and pca 
are isosceles, therefore the two an- 
gles marked a are equal to each 
other, and likewise the two angles 
marked /3, and the two angles 
marked y. 

Now^=B-y = B-(A-«) = B-A+« = B-A + C-/3j 

.•./3=J(B---A. + C) = S-A. 
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Now by [3] tan cp = tan R 



_ tan \ cb __ tan \ a 



cos /3 cos (S — A) 
1 



__ ./ — cos S cos (S — A) 

-by L18J y cos(S~B)cos(S-C) ^ cos (S - A) ' 



. • . tan R 



=v 



— cos S 



cos (S - A) cos (S - B) cos (S - C) 



Corollary. 



tan ^ a = tan R cos (S — A). 



.[27] 



[28] 



FIG. 5. 



§ 24. To find the polar radius of the circle inscribed in 

a triangle in terms of the sides. 

The centre of the circle is at the intersection (o, Fig. 5) 

of the lines which bisect 
the angles, therefore the 
perpendiculars let fall from 
the centre o upon the sides 
a, h, and c are each equal 
to the required radius (r). 
The right triangles on each 
^/ side of OA are symmetrical, 
and also those on each side 
of OB and oc, therefore the 
arcs marked h', h' are equal, 

and also those marked a', a', and d^ d. 

Now h' = h — d = h—{a — d)=h—{a — {C'-h')) 

= h — a-\-c — h'\ .' . b' = ^ (b — a -^ c) = s — a. 

Now by [4] tan r = sin b' tan ^ A = sin (s — a) tan J A 




V r-i KT • / \ 4 /sm {s — b) sm (s — c) 

= by [15] sin (s-a) V ^^ ^ r \ ? 

T sm 5 sm {s — a) 
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. /sin (s — a) sin (s — b) sm (s — c) -_^- 

. • . tan r = V ^^ ;r^ ^^ . 1-^^ J 

T sin 5 

Corollary. 

tanAA = -.-^^5J_. [30] 

^ sm (s — a) "^ -• 

§ 25. Solution of Oblique Triangles. 
The number of cases which can arise is equal to the 
number of combinations which can be formed out of the 

SIX parts, taking three at a time, or to — p^ = JU, and 

they are the following : 

(1) a b c, (2) ab A, (S) a b B, (4) a b C, (5) a c A., 

(6) a c B, (1) ac C, (8) b c K, (9) 6 c B, (10) b c C, 

(11) a A B, (12) a A C, (13) /i B C, (14) ^» A B, (15) b A C, 

(16) 5 B C, (17) c A B, (18) c A C, (19) c B C, (20) ABC 

We see, however, that the combinations (2), (3), (5), (7), 
and (10) form only one distinct case, since in each two 
sides and an angle opposite one of them are given ; simi- 
larly (4), (6), and (8) form only one distinct case ; (ll)t 
(12), (16), (18), and (19) form only one distinct case ; and 
(13), (15), and (17) form only one distinct case. We have 
then in all only six distinct cases, as follows : 

Case I. Given the three sides. 

Case II. Given the three angles. 

Case III. Given two sides and an angle opposite one 

of them. 

Case IV. Given two angles and a side opposite one of 

them. 

Case V. Given two sides and the included angle. 

Case VI. Given one side and the two adjacent angles. 
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§ 26. Cases I. and II. can be solved by [15] and [18] 
respectively, or I. by [30] and [29], and II. by [28] and 
[27]. [10] may be used as a check formula. 

Example 1 (Case I.). 

(a= 25° 13' 

j , _ orjoAA, We will solve this by [30] 



and [29]. 



Given J^ h= 37° 14' 
\^=^ 58° 32^ 
25 = 120° 59' 
s = 60° 29'.5 colog sin s = 0.0603 

s-a= 35° 16'.5 log sin (s - a) = 9.7615 
s-b= 23° 15'.5 log sin (s-b)= 9.5964 
s-c= 1° 57'.5 log sin (s-c) = 8.5336 
2s = 120° 59' log tan^ r :^y9518 

log tan I A = 9.2144 log tan r = 8.9759 

log tan i B = 9.3795 
log tan ^ C = 0.4423 

iA= 9° 18' (A= 18° 36' 

JB= 13°28'.5 Ans.}B= 26° 57' 

iC= 70°08'.5 CC=140°17' 

Check, 

log sin A = 9.5037 log sin B = 9.6563 log sin C = 9.8055 

log sin a = 9.6294 log sin b = 9.7818 log sin c =9.9310 

9.8743 9.8745 9.8745 

Example 2 (Case II.). 

Given A = 102° 14', B = 54° 32', C = 89° 06'. 
Ans. a = 104° 26', b = 53° 50', c = 97° 44'. 



THE SPHERICAL TRIANGLE IN GENERAL. 33 

§ 27. Case III. Given a, 6, and A. 

We find B by [10], i. e. by 

. _. sin A sin b 

sm 13 = : ; 

sm a 

and I c, J C by [25] and [23], 

cos i ( A + B) , , , , . 
le. by tan \c = ^^^ | ^^^_^^ tan | (a + h), 

and ctn I q^ cos^ {a + h) ^^^ ^ (^ + b) ; 
^ cos J (a — 6) ^ ^ 

\ c and J C being each less than 90° tan | c and ctn J C 
must be positive ; therefore when each of the two supple- 
mentary values of B obtained by [10] makes tan J c and 
ctn \ c positive there will be two solutions. 

When sin A sin b > sin a there will be no solution, for 
in this case we shall have sin B > 1. 

There are many ways of determining by an inspection of 
the data (a, 6, and A) whether there are two solutions or 
but one ; the following, found in Chauvenet's Trigonometry, 
p. 197, seems to be the best : 

Ist. When h differs more from 90° than a, B must be in the 
same quadijant as 6 (§ 2 n\ and there can be but one solution. It 
remains to show, 

2d. That when a differs more from 90° than h, there will neces- 
sarily be two solutions. We have, by the first of [11], 

cos a— cos h cos c * 

sm c =: -. — 5 7 . 

sm cqs A 

Two solutions exist so long as both values of c are positive, and 

less than 180°, that is, so long as sin c is positive. Now when a 

differs more from 90° than 6, we have (neglecting the signs for a 

moment), 

cos a > cos h > cos h cos c, 
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therefore the numerator of the above value of sin c has the sign 
of cos a. But by § 2 n, a and A are in the same quadrant, and 
cos a and cos A have the same sign ; consequently also, the nu- 
merator and denominator have the same sign, and the value of the 
fraction, or of sin c, is positive, as was to be proved. 

Hence, there is but oru solution when the side opposite the given 
angle differs less from 90° than the other given side, and two solu- 
tions when the side opposite the given angle differs more from 90° 
than the other given side. 

Note. We have proved above that when the property stated in § 2 n, 
does not determine the quadrant of B then there are always two solutions. 

When B is nearly 90° it cannot be obtained with accu- 
racy from its sine, but we may proceed as follows : 

From b and A in the right triangle acd (Fig. 3) we can 
find p (v. Case V. of right triangles), and then from p' and 
a in the right triangle bcd we can find B (v. Case II. of 
right triangles). 

[10] may be used as a check formula. 

Example. Given h = 70° 21', a = 51° 41', A = 52° 30/. 

^► + a = 122°02' ^(p + a)= 61° 01' 

b^a= 18° 40' ^ (b-a)= 9° 20' 

log sin b = 9.9739 Bi + A = 124° 45' 

log sin A = 9.8995 Bg + A = 160° 15' 

colog sin a = 0.1054 Bi-A= 19° 45' 

log sin B = 9.9788 Bg-A^ 55° 15' 

* Bi = 72° 15' I (Bi + A) = 62° 22'.5 

Bg = 107° 45' I (Bg + A) = 80° 07'.5 

J (Bi - A) = 9° 52'.5 
i (Bg - A) = 27° 37'.5 

* a differs more from '90" than b ; there are therefore two solutions. 
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log COS ^ (b + a) = 9.6854 log cos ^ (b + a) = 9.6854 

yog tan ^ (Bi + A) = 2812 log tan | (Bj + A) = 0.7593 

colog cos i(b — a) = 0.0058 colog cos i(b — a) = 0.0058 

log ctn I Ci = 9.9724 log ctn ^ Ca = 0.4505 

J Ci = 46^ 49' i Cg = 19° 31' 

Ci = 93° 38' Ca = 39° 02' 

log cos I (Bi + A) = 9.6662 log cos J (Bg + A) = 9.2342 

log tan ^(b + a)= 0.2565 log tan ^ (b + a) = 0.2565 

colog cos ^ (Bi- A) = 0.0064 colog cos^Bg- A) = 0.0526 

log tan I ci = 9.9291 log tan ^ Cg = 9.5433 

|ci = 40°21' ^C2 = 19°15'.5 

ci = 80° 42' C2 = 38° 31' 

Check, 
log sin B = 9.9788 log sin Ci = 9.9991 log sin Cg = 9.7992 

log sin b =9.9739 log sin c^ = 9.9942 log sin c^ = 9.7943 

0.0049 0.0049 0.0049 

§ 28. Case IV.. Given A, B, and a. 
We find b by [10], i. e. by 

. sin B sin a it- rkno -i. 

sm b = : — 7 — ; when b is near 90 it 

sin A 

may be found in a manner exactly similar to that by which 
B when near 90° was found in Case III. c and C may be 
found as in Case III. 

When each of the two values of b found by either of the 
above formulas makes tan J c and ctn i C positive then 
there will be two solutions. 

.^T^T- sinB sina , ^, _ ^. 

When ; — 7 — > 1 there is no solution. 

sm A 

The supplements of the parts A, B, and a are respectively 
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the parts a', h'j and A' of the polar triangle ; the polar tri- 
angle then comes under the head of Case III., and the rule 
given in the last section tells us whether it has one or two 
solutions. Our triangle evidently has the same number of 
solutions as its polar. 

Example. Given K= 169° 43', B = 123° 4(y, a = 159° 5(y. 

_ 124° 08' _ 137° 2(y 137° 04' 

Ans. h - ^^^ g^, , c- ^go 39, , ^ - JL130 39, • 

§ 29. Case V. Given a, b, and C. 

By the following formulas ([23] and [24]) 

1 / A T>\ cos h (a — b) , . ^ 

tan i ( A + ^) = TT — TTV c^^ i C, 

2 ^ ^ cos ^ (a + ^►) ^ ' 

^ / » -r^N sin i (a — b) , , ^ 
tan i (A-B)= . f ) — -^ ctn | C, 

we may find i (A + B) and J (A — B), and therefore A 
and B ; we can now find c either by [25] or [26], i. e. 

, / ,N cos i (A — B) , , 

by tan h (a + b) = f-7-r =r( tan i c, 

•^ 2 V ' / cos I (A + B) 2 ' 

1 / 7x sin i (A — B) ^ , 

or tan A (a — ^) = -: — ^-r =r^ tan h c. 

^ ^ ^ sm ^ (A + B) ^ 

[10] may be used as a check formula. 

Example. Given a = 56° 20', b = 20° 17', C = 114° 20'. 

a + ^» = 76°37' .J (a + 6) = 38° 18'.5 

a-b = S6° |3' ^(a-b) = 18° 01'.5 

^C = 57°10' 
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log cos ^(a — b) = 9.9781 
log ctn . J C = 9.8097 



log sin ^(a — b)= 9.4906 
log ctn i C = 9.8097 



colog cos i(a + b) = = 0.1053 colog sin i (a + ^) = 0.2077 
log tan i (A + B) = 9.8931 log tan J (A - B) = 9.5080 



i(A-B)=17°51' 
B=20°10' 

Check. 
log sin A = 9.9179 

log sin a = 9.9203 

9.9976 

log sin B = 9.5375 

log sin b = 9.5399 

9.9976 

log sin C = 9.9596 

log sin c = 9.9618 

9.9978 

§ 30. Case VI. Given A, B, and c. 

The formulas used in the solution of Case V. can also be 
used here ; [25] and [26] may be used to find a and by and 
either [23] or [24] to find C. 



i (A + B) = 38° 01' 

A = 55° 52' 

log tan ^(a-^b) = 9.8976 

log cos J (A + B) = 9.8964 

colog cos J ( A — B) = 0.0214 

log tan J c = 9.8154 

i c = 33° 10' 

c = 66° 20' 



EXAMPLES. 



1. 

2. 
3. 
4. 



a 


Given 
b 


c 


A 


Compute 

B 


124°12'.5 54° 18' 


97° 12'.5 


127° 22' 


51° 18' 


93° 45' 


27° 16' 


88° 12' 


101° 48' 


26° 42' 


82° 34' 


27° 16' 


89° 12' 


75° 12' 


26° 32' 


82° 11' 


64° 19'.5 


31° 31'.5 


119° 44' 


52° 16' 



c 

72' 27' 
78° 42' 
102° 51' 
27° 16' 
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Given 




1 


ComptUe 






A 


B 


C 


a 


b 


c 


6. 


20° 10' 


55° 52' 


114° 20' 


20° 16' 


Be"" 18' 


66° 18' 


6. 


130° 00' 


110° 00' 


80° 00' 


139° 21' 


126° 58' 


56° 52' 


7. 


55° 42' 


45° 44' 


135° 16' 


82° 17' 


59° 12' 


122° 25 


8. 


4° 24' 


8° 28' 


172° 18' 


31° 14' 


84° 12' 


115° 08 




a 


b 


A 


c 


B 


C 


9. 


69° 50' 


46° 42' 


32° 54' 


109° 39' 


24° 55' 


146° 58' 


10. 


40° 20' 


70° 40' 


40° 00' 


(81° 54' 
\48° 54' 


69° 34' 
110° 26' 


100° 32' 
48° 26' 


11. 


50° 00' 


40° 00' 


80° 00' 


42° 10' 


55° 43' 


59° 38' 


12. 


150° 57' 


134° 16' 


144° 23' 


|23° 57' 
l55° 42' 


59° 11' 
120° 49' 


29° 09' 

97° 44' 




A 


B 


a 


b 


c 


C 


13. 


110° 10' 


133° 18' 


147° 06' 


155° 05' 


33° 02' 


70° 21' 


14. 


113° 39' 


123° 40' 


65"" 40' 


124° 07' 


159° 50' 


159° 44' 


16. 


159° 43' 


123° 40' 


159° 50' 


c 55 52' 
a24°08' 


137° 22' 
65"" 39' 


137° 04' 
113° 39' 


16. 


100° 02' 


98° 30' 


95° 21' 


90° 


147° 38' 


147° 58' 




a 


b 


C 


c 


A 


B 


17. 


35° 37' 


59° 12' 


124° 18' 


82° 16' 


29° 02' 


45° 44' 


18. 


124° 07' 


88° 12' 


50° 02' 


69° 04' 


132° 18' 


63° 15' 


19. 


88° 12' 


120° 56^ 


47° 42' 


55° 56' 


63° 15' 


129° 59' 


20. 


47° 42' 


63° 15' 


59° 04' 


50° 00' 


55° 53' 


88° 13' 




.A 


B 


c 


a 


b 


C 


21. 


57° 35' 


120° 48' 


124° 18' 


44° 44'.5 


134° 15'.5 


97° 42' 


22. 


39° 45' 


26° 59' 


154° 47' 


121° 27'.5 


37°'16'.5 


161° 22' 


23. 


107° 33' 


128° 42' 


124° 13' 


82° 47' 


125° 42' 


127° 22' 


24. 


82° 48' 


125° 42' 


52° 38' 


107° 34' 


128° 42' 


56° 48' 



25. Find the length in geographical miles of the great 
circle arc joining Sandy Hook (New York Harbor), lat. 
40° 28', long. 74° 08', with Cork Harbor (Queenstown), 
lat. 51° 47', long. 8° 11'. Am. 2726 m. 
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Remark, The lengths of the routes travelled by steam- 
ers of the White Star Line are as follows : 

Queomtowii to Saudi/ Hook. 

Route A (summer), 2783 miles. 
Route B (winter), 2855 miles. 

Sandy Hook to Qiceeiistown. 

Route C, . . . 2889 miles. 

26. Find the distance from Sandy Hook {v, Ex. 25) to 
the Giants' "Causeway (north coast of Ireland), lat. 55° 18', 
long. 6° 24'. Ans, 2745 m. 
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DEFINITIONS AND EXPLANATIONS OP SOME OP THE TERMS 
USED IN SPHERICAL ASTRONOMY. 

§ 1. All heavenly bodies may be considered to be pro- 
jected upon the concave surface of a sphere of indefinite 
radius, the eye of the observer being at the centre of the 
sphere. This sphere is called the Celestial Sphere. 

§ 2. The axis of the earth, or the straight line which 
joins its poles, is also the axis of the celestial sphere, and 
the points in which it cuts the latter are called the poles 
of the celestial sphere. 

§ 3. The great circle in which the plane of the earth's 
equator cuts the celestial sphere is called the celestial equa- 
tor J or the equinoctial, 

§ 4. Great circles which pass through the poles of the 
celestial sphere are called hour circles, or circles of declina" 
tion ; they are evidently perpendicular to the equinoctial. 

§ 5. The celestial Tneridian of a place on the earth's 
surface is the circle in which the plane of the terrestial 
meridian of the place cuts the celestial sphere. 
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§ 6. Since the earth makes a complete rotation about 
its axis once in twenty-four hours, every point of the celes- 
tial meridian will move through a complete circumference, 
or arc of 360°, in the same time ; hence angles are some- 
times measured in time, thus 24 h. = 360°, 1 h. = 15°. 

§ 7. The hour angle of a heavenly body is the inclina- 
tion of the hour circle (circle of declination) which passes 
through the body to the celestial meridian, and is measured 
by the arc of the celestial equator (equinoctial) included 
between these two circles ; hour angles are measured posi- 
tive from the celestial meridian towards the west, from 0° 
to 360^, or h. to 24 h. The hour angle of the sun is the 
solar time. When, for example, the hour angle of the sun 
is 30° or 2 h., the solar time is 2 o'c. p. m. ; and when the 
hour angle is — 30° the time is 10 o'c. A. m. 

§ 8. The sensible horizon of an observer is the plane 
through his feet and tangent to the earth's surface ; and 
his rational horizon is a plane parallel to the first through 
the centre of the earth. These two planes intersect the 
surface of the celestial sphere in two circles ; but the ra- 
dius of the celestial sphere is so immense in comparison 
with the radius of the earth that the two circles will sen- 
sibly coincide and form one great circle called the celestial 
horizon. The earth then, when compared with the celes- 
tial sphere, is to be regarded as only a point at its centre. 

§ 9. The straight line through the feet of the observer 
and perpendicular to the plane of his horizon is called a 
vertical line, and the upper and lower points in which ir 
cuts the celestial sphere are called the zenith and nadir 
respectively. 



42 SPHERICAL TRIGONOMETRY. 

§ 10. Vertical circles are great circles which pass 
through the zenith and nadir. The celestial meridian is 
evidently a vertical circle, and passes through the north 
and south points of the horizon. 

The prime vertical is that vertical circle which is per- 
pendicular to the plane of the celestial meridian ; it there- 
fore cuts the celestial horizon in its east and west points. 

§ 11. The great circle of the celestial sphere in which 
the sun appears to move, or in which to an observer on the 
sun the earth would appear to move, is called the ecliptic. • 
The points in which a straight line through the earth and 
perpendicular to the plane of the ecliptic cuts the celestial 
sphere are called the poles of the ecliptic ; great circles 
through these points are called circles of Ic^titude. 

§ 12. The vernal and autumnal equinoxes are the points 
in which the ecliptic cuts the equinoctial. 

§ 13. The inclination of the ecliptic to the equinoctial 
is called the obliquity of the ecliptic, and is denoted by the 
letter e ; it is equal to 23° 27\ 

§ 14. Spherical Coordinates. 

The position of any point on the surface of a sphere is 
determined when its angular distances from any two fixed 
great circles of the sphere are known. Thus the position 
of any point on the earth's surface is known when we have 
determined its latitude and longitude, i. e. its angular dis^ 
tances from the equator and the prime meridian. 

§ 15. For the purpose of denoting the position of a 
point on the celestial sphere astronomers make use of 
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three sets of coordinate circles, or circles of reference, as 
follows : 

I. The celestial horizon, and the celestial meridian of 
the place. 

The angle made by the vertical circle through a body 
with the celestial meridian is called the azimuth ; this is 
generally reckoned from the south point of the horizon to 
the right hand, from 0° to 360°. 

The angular distance of the body above the celestial 
horizon measured on the vertical circle through the body 
is called the altitude. 

The distance of a body from the zenith measured on the 
vertical circle is called the zenith distance ; it is evidently 
the complement of the altitude. 

II. The equinoctial, and the hour circle (circle of decli- 
nation) through the vernal equinox. 

The angle made by the hour circle through a body with 
the hour circle through the vernal equinox is called the 
right ascension ; this is always reckoned from the vernal 
equinox towards the east, from 0° to 360° or h. to 24 h. 

The angular distance of a body from the plane of the 
equinoctial measured on the hour circle of the body is 
called the declination; it is reckoned to the north and south, 
and cannot therefore exceed 90°. The distance of a body 
from either pole measured on its hour circle is called the 
polar distance ; it is evidently the complement of the dec- 
lination. 

III. The ecliptic, and the circle of latitude through the 
vernal equinox. 

The angle made by the circle of latitude through the 
body and the circle of latitude through the vernal equinox 



• ','6' 
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is called the longitude ; it is reckoned from the vernal 
equinox towards the east, from 0° to 360°. 

The angular distance of a body from the ecliptic meas- 
ured on its circle of latitude is called the latitude. 




§ 16. The position of a body in the heavens may then 
be denoted either by its altitude and azimuth, or by its right 
ascension and declination, or by its latitude and longitude. 

Care must be taken not to confound the latitude and 
longitude of a place on the earth's surface with the latitude 
and longitude of a heavenly body. 

The sun being always in the ecliptic, its latitude is 
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always 0° ; its longitude changes by 360° during the year : 
on March 21, it is 0° ; on June 21, it is 90° ; on Septem- 
ber 21, it is 180° ; on December 21, it is 270° ; and on 
March 21, again, it is 360°, or 0°. 

When a body rises or sets its altitude is evidently 0°, 
and when the altitude is greatest the body is on the celes- 
tial meridian and the azimuth is either 0° or 180°. 

§ 17. In Fig. 1, o represents the earth, nesw the 
celestial horizon of the observer, z the zenith, decw the 
equinoctial, p the elef ated pole (i. e. that one which can be 
seen by the observer), and v the the vernal equinox. 

If K denotes some celestial body, then the elements of its 
position are as follows : 

[The order of the letters denotes the direction in which 
the elements are measured.] 

GK = altitude (A), 
ZK = zenith distance, 
swG = azimuth (a), 
BK = declination (8), 
PK = polar distance, 
VB = right ascension (o), 
CPB (cb) =.hour angle (t), 
cz = NP = latitude (<^) of the place of observation. 

The triangle pzk is called the astronomical triangle^ the 
elements of which are 90° — <^, 90— ^, 90 — 8, t, the angle K 
called the position angle, and the angle kzp = 180° — a. The 
solution of this triangle from sufficient data will enable us 
to answer many of the questions which are likely to arise 
in Spherical Astronomy. 
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§ 18. In Fig. 2 let calv denote the ecliptic, eaqv the 
equinoctial, d and p their respective poles, and k the 
position of a body in the heavens. 



FIG. 2. 




Hence it follows that A and v denote the autumnal and 
vernal equinoxes, lq = dp the obliquity of the ecliptic 
(e = 23° 27') ; and the elements of the position of K are 

VB = the right ascension (a), 
BK =■ the declination (8), 
VG = the celestial longitude, 
GK = the celestial latitude. 



APPENDIX n. 



COLLECTION OF FORMULAS AND OTHER USEFUL MATTER, 

FOR EASY REFERENCE. 



§6. 



Right Triangles, 
cos c = cos a cos h. 



. T> sm 5 

sm B = -; — 

sm c 

tana 



cosB = 



tan c 



tan h 

tan B = — 

sma 



. . sm a 

sm A = -; — 

sm c 

tan 6 



cos A = 



tanc 



. tan a 

tan A = -; — r 

•sm 



[1] 

[2] 
[3] 
[4] 



c < 90° when a and h are in the same quadrant. 
c>90° " " " " " different quadrants. 

An oblique angle and its opposite side are in the 
same quadrant. 



§7. 



_ cos B cos A 

cos = -: r ; COS a = 



sin A ' 
cos c = ctn A ctn B. 



sm 



B* 



[5] 
[6] 



Napier^s Rules, 

(1) The sine of any part is equal to the product 
of the (t)angents of the (a)djar 

§ 8. ^ cefit parts. 

(2) The sine of any part is 
equal to the product of the 
(c)osines of the {p)pposite parts. 




CO A 
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Given 



Case I. 
a and b. 



Case II. 
a and c. 



Case III. 
a and B. 



Case IV. 
a and A. 



§10. -j CaseV. 
c and A. 



Case VI. 
AandB. 



Sought 



COS c = COS a COS by tan A 



tana 
sin b' 



sm a 



COS c . . sin a ^ 

cos «? = , sin A = -: , cos X5 

cos a sm c 



tana 



tan c 



cos A = 
tan c = 

sinB= 

ctnB: 
sin a. 

cos a = 
cos c = 



; cos a sin B, tan b = sin a tan B, 
tana 

■ ■ I.I • 

cosB 
cos A 



cos a 



. _ tan a . sin a 

sm 6 = :- , sm c = 



tan A' 



sin A 



cos c tan A, tan b = tan c cos A, 
sin c sin A. 



cos A 
diTB"' 
ctn A ctn B. 



cos ^ = 



cos B 

sin A' 



Case I. 
Case II. 

Case III. 

Case IV. 

Case V. 
Case VL 



Check Formulas, 
cos c = ctn A ctn B. 
cos B 



cos b = -. — Y . 
sm A 

tan b = tan c cos A. 

sin b = sin c sin B. 

tan ^> 

tan Jd = -; . 

sm a 

cos c = cos a cos b. 



§12J 



Special Formulae for Case II. (given a and 
tan^ ^ b = tan .J (a + c) tan i (c — a), (a) 
tan^ (45°— i A) = tan J (c— a) ctn i (c + a), (6) 
^ tan^ J B = sin (c — a)-T- sin (c + a). (c) 



c). 



[7] 
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In Case IV. (given a and A) two solutions are 
always possible, viz. : 

(1) b acute, B acute, c and a. alike. 

(2) b obtuse, B obtuse, c and a unlike. 

Speeial Formulas for Case IV. 
tan'(46''-iB)=tanHA--a)tanJ(A+a). (o) 1 
tan^(46'-S&) = «in(A-«)^8in(A+«). (&) J [8] 
tan2(45''-ic)^tani(A-a)ctni{A+a). (c)) 
Special Formvlas for Case VL (given A and B). 



TAe General Triangle. 

517. •!!L^ = »1^ = '!^. [10] 

am a sm 6 am c ■- -" 

§ 18. • cos d = cos i cos c + sin J sin c cos A. [11] 
§ 19. * - cos A = cos B cos C - sin B sin C cos a. [12] 

.l^ = yJ^^t^^. [13] 

T sm 6 Bin e •- -" 

„jA=v'?!S||53. fi4] 



■•..ntA=>/g.('-')7"-'). 
I ' .inj.m(.-o) 



[15] 
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_ / co.(3-B)co.(S-C) . 

V .in B line ■ ^ ' 

^ _ . / - <ioa S C09 (S - A) j-j^. 



-Vco.(S-B)co.(S-C)- ™ 



.(S-B)co. (S-C) 
Gauss Formulas. 



lie 
_ COS i{n~b) 



Napier's Analogk 



>KA + U) 



[19] 
[20] 



,.HA + B)=2^^c<,.iC. [21] 

[22] . 



ctn i C. [23] 



i.UA-B) = 2i;„+I) ''*°>C. [24] 



[25] 



■i(-')=S:TtT|""'i"- ™ 



$23. J 



' * = V ,■„, (s - a7™, (T- b) ,™ (T^c) ■ ™ 

it(» = tanEco.(S-A). • [28] 

• V. note, p. 80, Plane Trig. 
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§24. 



. /sin (s — a) sin (s — b) sin (s — c) 



tanr = V ^^ 7-^^ ^^ ^. [291 

^ sm s *- -" 

tan 4 X = -r—: r . [30] 

L '^ sm (s — a) ^ -■ 



Solution of Oblique Triangles, 

[10] may be used as a check formula in each case. 

Case I. Given a, b, and c ; use [29] and [30]. 
Case II. Given A, B, and C ; use [27] and [28]. 
Case III. Given a, b, and A \ use [10], [25], and [23]. 

Only one solution when the side opposite the given angle 
differs less from 90° than the other given side, and two 
solutions when the side opposite the given angle differs 
more from 90° than the other given side. 

Case IV. Given A, B, and a ; use [10], [25], and [23]. 

There will be one or two solutions according as the polar 
triangle {v. Case III.) has one or two solutions. 

Case V. Given a, 5, and C ; use [23], [24], and [25] 
or [2%']. 

Case VI. Given A, B, and c ; use [25], [2^'], and [23] 
or [24]. 
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MATHEMATICS. 



W iSM T WORTH'S SERIES. 

'PWO words indicate the two leading characteristics of these 
remarkable books : scholarship and text-book availability. 
They combine mathematical brilliancy with all the elements of 
school-room popularity. The author's aim was to be helpful. He 
has made a study of his subjects with the psychology and probable 
capacity of the students constantly in mind. His books enable 
the average student not merely to "learn something," but to 
MASTER the study, and at the same time they give the brighter 
ones plenty to exercise their faculties. There is no attempt to 
make a parade of learning. On the other hand, there is no abso- 
lution from solid work. Everything is made simple, practical, 
direct, and thorough. Mental energy is economized. The teacher 
has to use his strength only in the necessary work of teaching, 
and the pupil his only in the necessary work of acquiring. 

To learn hy doing, and to learn one step thoroughly before the next 
is attemptedy are the chief elements of the method, and yet no 
books give pupil or teacher less of the tread-mill feeling. The 
cons^usness of mastery constantly cheers and invigorates the 
student, while the teacher has the satisfaction of wielding an 
instrument fitted to the hand. All will recognize in these char- 
acteristics the marks of ideal text-books. The testimony of use 
may be summed up in one word. Satisfaction, 

The following figures speak volumes for the success of the 
Wentworth books : 

In January, 1894, according to the most accurate information obtainable, 
Wentworth 's Series, in whole or in part, was in use by over 220,000 pupils 
in the secondary schools alone of the United States. In the three repre- 
sentative states, Massachusetts, New York, and Illinois, 41,306 pupils were 
using Wentworth, while only 9,191 were using the next most popular book. 
For New York State, there are official figures — those of the Regents of the 
University. These show that for 1892-93, of the schools under the control 
of the Regents, the number using Wentworth was: Algebra, 178; Plane 
Geometry, 280 ; Solid Greometry, 112 ; and the numbers using the next most 
popular book were resjiectively (55, 21, and 9. 
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Introductory Books. 



Wentworth's Primary Arithmetic, Wentworth'a Elementary Arithmetic, 

Introduction price, each 30 cents. 

Wentworth'a Grammar School Arithmetic. 

Introduction price, 65 cents. 

This, with either the Primary or the Elementary Arithmetic, forms a 
complete course for Common Schools, and is believed to present the best 
known methods in the most attractive, available, and practical form. 

Wentworth and Reed's First Steps in Number. 

For prices, see List at the beginning of this Catalogue ; for full descrip- 
tion, see Common School Catalogue. 



A High School Arithmetic. 



(Wentworth and Hill's Practical Arithmetic.) 

By G. A. Wentworth, recently Prof, of Mathematics, Phillips Exeter 
Academy, and the late Dr. Thomas Hill, Portland, Me. 12mo. Roan 
back. 367 pages. Mailing price, 31.10; for introduction, $1.00. An- 
swers free, on teachers' order. 

Same. Abridged Edition. For Grammar Schools. 288 pages {includ- 
ing Answers). Mailing price, $1.00; for introduction, 75 cents. 

^HIS book is intended for high and normal schools and acade- 
mies. The problems cover a wide range of subjects, and are 
particularly adapted to general mental discipline, to preparation 
for higher studies, mechanical work, business, or professional life. 



J. M. Peirce, Professor of Mathe- 
maticSf Harvard College : The High 
School Arithmetic is clear, straight- 



forward, sound, careful, and abun- 
dantly supplied with well-chosen 
examples. 



Wentworth's First Steps in Algebra. 

By G. A. Wentworth, recently Professor of Mathematics in Phillips 
Exeter Academy. 12mo. Half leather, vii + 184 pages. Mailing price, 
70 cents; for introduction, 60 cents. 

T^HIS book is specially prepared for pupils in high schools and 
the upper grades of grammar schools. 



Edwin N. Brown, Superintendent 
of Schools, Hastings, Neb. : It is 
well adapted to the purpose for 
which it was designed. 

John T. White, Principal Alle- 
gheny County High Schoolf Cumber^ 



land, Md. : It is a mathematical 
gem. I have been so well pleased 
with the works of Professor Went- 
worth that I scarcely see how they 
could be excelled. 
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Wentujorth's School Algebra. 

By G. A. Went WORTH, recently Professor of Mathematics, Phillips 
Exeter Academy. Half morocco, v + 362 pages. Mailing price, 31.26 ; 
for introduction, ^1.12. Answers in pamphlet form, free ^ on teachers' 
orders. 

rPHE School Algebra is offered as exactly right for the usual 
high school and academic courses. It gives a thorough and 
practical treatment of the principles of Algebra up to and includ- 
ing the binomial theorem, and is strictly in line throughout with 
the author's College Algebra. For college preparation it is 
particularly well suited. The problems in this book are nearly all 
new, either original or selected from recent examination papers, 
and are graded with the utmost care. 

George W. Price, Teacher of 
Mathematics, High School, Council 
Bluffs, la. : Without douht the best 
book out for high schools. 

ErastUB Test, Principal Purdue 
University Prep. Dept. : I regard it 
as the ne pins ultra in the line of a 
school Algebra. 

Frank E. Thompson, Principal 
High School, Newport, R.I.: A 
thorough knowledge of the contents 
of the book will enable a pupil to 
pass an entrance examination to 
any college. 

David Eugene Smith, Teacher of 
Mathematics, State Normal and 
Training School, Ypsilanti Mich. : 
I have examined it with a good deal 
of care. It seems well adapted to the 
needs of our schools — even better 
adapted than the author's former 
work, which I have used and recom- 
mended. The improvements to be 
found in this work are such as will 
meet the approval of all teachers. 

0. S. Westcott, Principal North 
Division High School, Chicago: The 
student who tiuishes it will be splen- 
didly prepared to grapple with the 
beautiful discussions of higher Al- 
gebra. 



Theodore L. Sewall, Principal of 
Gi}'ls' Classical Sdiool, Indianapolis : 
An admirable book, like all of the 
AVentworth Series. 

George Gilbert, Principal of Ches- 
ter Academy, Pa.: The best book 
for its grade yet issued. 

George E. Gay, PHncipal of High 
Sdiool, Maiden, Ma^is.: Better adapted 
to use in high schools than any other. 

T. W. Palmer, Prof, of Mathe- 
matics, University of Alabama: An 
admirable work. 

C. D. Schmitt, University of Ten- 
nessee: For the work intended, I do 
not think it can be surpassed. 

L. E. Hunt, Principal of High 
School, Corning, N. Y. : It meets my 
desires completely. 

W. P. Diirfee, Prof, of Mathe- 
matics, Hohant College, N.Y.: An 
admirable book for college prepara- 
tion. 

J. S. I^locum, Principal South 
Division High School, Chicago: I 
have used it in connection with the 
preparation of a class for college 
and have been pleased with its clear 
definitions, logical arrangement, and 
happy selection of both examples 
and problems. 
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Wentworth's College Algebra. 

By G. A. Wbntwobth, recently Prof, of Mathematics, Phillips Exeter 
Academy. Half morocco. 500 pages. Mailing price, $1.65 ; for intro- 
duction, $1.50. Answers in pamphlet fomitfreef on teacfiers* orders, 

nnHIS is what its name indicates, a text-book for colleges and 
scientific schools. The first part is simply a concise review 
of the principles of Algebra preceding quadratics, with enough 
examples to illustrate and enforce the principles. Room is thus 
left for a full discussion of the higher topics. The endeavor has 
been to give in matter and methods the best training in algebraic 
analysis at present attainable. The work covers a full year, but 
by omitting starred sections and problems, the instructor can 
arrange a half-year course. Many professors helped with sug- 
gestions to make the College Algebra fit prevailing requirements. 



William Beebe, Assistant Prof, 
of Mathematics and Astronomy, YaJe 
College: I find it characterized by 
the clearness and method of all Pro- 
fessor Wentworth's books, and am 
particularly struck with the amount 
of matter in the Algebra. 

Clarence 0. Comstock, Instructor 
of Mathematics, Knox College, El, : 
I think this Algebra will prove to be 
excellent for college use. 

W. J. James, Instructor of Mathe- 
matics, Wesley an University, Conn. : 
It seems to me to be admirably 
adapted to college work. 

Pres. W. M. Obenchain, Prof, of 
Mathematics, Ogden College, Ky. : 
It is the very book I want. 

Rev. H. M. Perkins, Prof, of 
Mathematics, Ohio Wesley an Univer- 
sity : It is both complete and com- 
prehensive. 

John E. Clark, Prof, of Mathe- 
matics, Yale College: Every way 
worthy the reputation the author 
has already achieved. 



Dascom Greene, Emeritv^s Prof. 
of Mathematics, and Astronomy, 
Rensselaer Polytechnic Institute^ 
Troy, N. Y. : The methods of treat- 
ment seem to be generally judicious, 
and the style attractive, and to the 
student well grounded in the ele- 
ments it furnishes an excellent prac- 
tical course in the higher branches 
of the subject. 

E. S. Crawley, Prof, of Mathe- 
matics, University of Pennsylvania: 

It is a great improvement over 

for college use, and in its way seems 
to me to leave nothing to be desired. 

J. C. Glashan, Inspector of Public 
Schools, Ottawa, Canada: I am 
satisfied I can unqualifiedly recom- 
mend it. 

Henry C. King, Prof, of Philoso- 
phy, Oberlin College, 0. : The chap- 
ter on Determinants I think a spe- 
cially valuable feature, which alone 
would tell strongly in favor of the 
book for college use. 
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Wentworth'8 Higher Algebra. 

By G. A. Wentworth, recently Prof, of MathematicB, Phillips Exeter 
Academy. Half morocco. 528 pages. Mailing price, ^1.55 ; for intro- 
duction. $1.40. Answers in pamphlet form, free^ on teachers* orders. 

rPHIS work is designed to prepare thoroughly for colleges and 
scientific schools, and to furnish in addition what is needed for 
the general student in such institutions. 

Preparatory schools and academies of high grade, especially such 
as give the pupils a thorough preliminary drill in arithmetic, 
normal schools, seminaries, and many colleges, will find it specially 
suited to their requirements. 

It is substantially equivalent to the author*s Complete Algebra, 
but is believed to be in many respects better. The arrangement 
and the treatment of the topics have been revised, and fuller 
explanations have been given. It is more complete than the 
School Algebra, inasmuch as it takes up the topics usually included 
in higher Algebra. It gives a fuller treatment of the simpler ele- 
ments of Algebra than the College Algebra, and not so elaborate a 
treatment of the more advanced portions. 

In a word, the Higher Algebra provides in a single hook a complete 
course parallel to the course provided by the School and College 
Algebras together. 



Dayis Garber, Professor of Maike^ 
mattes and Astronomy, Muhlenberg 
College, Allentown, Fa, : It seems to 
meet the wants of a general college 
course better than any of the 
author's other works on the san\e 
subject. With its elementary and 
advanced parts, its excellent arrange- 
ment and clear treatment of topics, 
it is certainly a very desirable text- 
book. 

David Eugene Smith, Prof, of 
Mathematics^ State Normal School^ 
Ypsilantif Mich.: As a one-volume 
work, intended for advanced stu- 
dents, I do not think that it has any 
superior. It embodies all of the sub- 
jects of general algebra that are 
really necessary for higher work. I 
can commend it highly as an unex- 
celled text-book. 



L. P. Bickford, Daniel Baker 
College, Brownwood, Texas: One 
could scarcely see room for improve- 
ment upon Wentworth's Algebras 
as previously published, but the 
author in his Higher Algebra has 
solved the problem of improvement 
with remarkable success. In methw^^ 
and matter, and logical arrangement, 
and in vigorous analysis, it is well 
nigh perfect, and it easily leads as a 
text-book. 

Milton L. Comstock, Prof, of 
Mathematics, Knox College, Gales- 
burg, Els.: The explanations are short 
and to the point always ; the exam- 
ples are numerous and well selected, 
and the general scope of the treatise 
is ample for the demand of a college 
course. 
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Wentworth'8 Elements of Algebra. 

By G. A. Wentwobth, recently Professor of Mathematics, Phillips 
Exeter Academy, and author of Geometry^ Trigonometry j etc. Hsif 
iHorocco. X 4- -^iiS pages. Mailiug price, $1.26 ; for iDtrodaction, $1.12. 
Answers hound separately in pamphlet form, 

nPHIS book is designed for high schools an^ academies, and con- 
tains an ample amount for admission to any college. In grade 
and amount it is exactly equivalent to the School Algebra, and as 
the problems are entirely different, it may be used as an alterna- 
tive when a change of problems is found desirable. 

Wentworth'8 Complete Algebra. 

Includes the subjects usually taught in Colleges. Half morocco. 525 
pages. Mailing price, $1.55 ; for mtroduction, $1.40. Answers bound 
separately in pamphlet form. 

rpiIIS work consists of the author's Elementary Algebra, with 
about one hundred and eighty-five pages additional, and it 
may be used as an alternative for the Higher Algebra to obtain a 
new set of problems. 

Wentworth'8 Shorter Course in Algebra. 

Half morocco. 258 pages. By mail, $1.10; for introduction, $1.00. 
Answers in pamphlet form, free, on teachers* orders. 

npniS book was prepared and is recommended only for a special 
use. It was based upon the author's Elements of Algebra, 
and contains all the essential subjects treated in that book, but 
with fewer examples, so as to make a one-year's course. 



Algebraic Analysis. 



By G. A. Wentworth, A.M., recenthr Prof, of Mathematics, Phillips 
Exeter Academy ; J. A. McLkllan, LL.D., Inspector of Normal Schools, 
and Conductor of Teachers' Institutes for Ontario, Canada ; and J. C. 
Glashan, Inspector of Public Schools, Ottawa, Canada. Part I. con- 
cludina: with Determinants. 12mo. Half leather. x + 418 pages. By 
mail, $1.(30; to teachers and for introduction, $1.50. 

nnHIS work is intended to supply students o^ Mathematics with 
a well-filled storehouse of solved examples and unsolved exer- 
cises in the application of the fundamental theorems and processes 
of pure Algebra. 
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Wentworth's New Plane Geometry. 

By G. A. Wentworth, recently Professor of MathematicSi Phillips 
£Sceter Academy. 12mo. x + 242 pages. Mailing price, 85 cents ; for 
introduction! 75 cents. 

Wentworth 's New Plane and Solid Geometry. 

By G. A. Wentworth. 12mo. Half morocco. xi + 386 pages. Mailing 
price, Si. 40 ; for introduction, $1.25. The book now includes a treatise 
on Conic Sections (Book IX.). 

A LL the distinguishing pharacteristics of the first edition have 
been retained. Tlie subject is treated as a branch of practical 
logic, the object of which is to detect and state with precision the 
successive steps from premise to conclusion. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step is 
indicated in smaU type between that step and the one following ; 
and the author thus avoids the necessity of interrupting the process 
of demonstration to cite a previous proposition. The number of 
the section on which the reason depends, is,. however, placed at the 
side of the page ; and the pupil should be prepared, when called 
upon, to give the proof of each reason. Each distinct assertion in 
the demonstrations and each particular direction in the construc- 
tion of the figures begins a new line, and in no case is it necessary 
to turn the page in reading a demohstration. 

In the new edition will be found a few changes in the order of 
the subject-matter. Some of the demonstrations have been given 
in a more concise and simple form. The diagrams, with which 
especial care was taken originally, have been re-engraved and mate- 
rially improved. The shading, which has been added to many of 
the figures, has proved a great help to the constructive imagination 
of pupils. The theory of limits — the value of which the author 
emphasizes — has been presented in the simplest possible way, and 
its application made easy of comprehension. 

But the ^reat feature of this edition is the introduction of nearly 
seven hunared original exercises, consisting of theorems, problems 
of construction, and problems of computation, carefully graded and 
adapted to beginners in Geometry. 
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Went worth '8 Geometrical Exercises. 

By G. A. Wentworth. 12mo. Paper. 64 pages. Mailing price, 12 
cents: for introduction, 10 cents. 

A SERIES of exercises exactly parallel to those of Wentworth's 
New Plane and Solid Greometry, for the use of teachers who 
desire fresh work. 

Wentwortit & Hill's Exercises in Algebra. 

I. Exercise Manual, 12mo. Boards. 232 pages. Mailing price, 40 
cents; for introduction, 35 cents. II. Examination manual. 12mo. 
Boards. 159 pages. Mailing price, 40 cents ; for introduction, 35 cents. 
Both in one volwne, 70 cents. Answers to both together, 26 cents. 

n^HE first part (Exercise Manual) contains about 4500 problems 
classified and arranged according to the usual order of text- 
books in Algebra; and the second part (Examination Manual) 
contains nearly 300 progressive examination-papers, well adapted 
to cultivate skill and rapidity in solving problems. 

Wentworth & Hill's Exercises in Geometry. 

12mo. Cloth. 255 pages. Mailing price, 80 cents; for introduction, 
70 cents. Answers are included in the volume, 

n^HE exercises consist of a great number of easy problems for 
beginners, and enough harder ones for more advanced pupils. 
The problems of each section are carefully graded, and some of 
the more difficult sections can be omitted without destroying the 
unity of the work. 

Wentworth & Hill's Examination Manual in 

Geometry. 

12mo. Cloth, iii + 138 pages. Mailing price, 55 cents ; for introduc- 
tion, 50 cents. 

''piIE aim of the authors has been to give some elementary 
but much needed instruction in the art of handling original 
theorems and problems; and to supply a series of graded test- 
papers in Geometry which can be used not merely as tests of 
knowledge actually obtained, but also as a means of developing 
and strengthening the power to originate and carry on a logical 
train of thought. ^t-' as 

Cbaxlea C, Ramsay, Prin, of High i gxeaX asa\s\«QB^ Va. \«mX!mv% ^u^ils 
ScAooi, Fall River, Mass,: It is ot\YiOW \x) viox^o\ivoYv^BsC^ciKt5SfiR&. 



